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Abstract. We present an algorithm for mining sequential rutesnmon to
several sequences, such that rules have to apjitear & maximum time span.
Experimental results with real-life datasets shbat the algorithm can reduce
the execution time, memory usage and the numberes generated by several
orders of magnitude compared to previous algorithms
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1 Introduction

In several domains, information is stored in segeedatabases (e.g. stock market
data, biological data and customer data). Discagersequential rules [2-8] in
databases is important, as it can provide a beftelerstanding of the data. A
sequential rule indicates that if some event(suncgome other event(s) are likely to
occur with a given confidence afterward. Algorithh@ase been developed for mining
sequential rules in a single sequence (e.g. [5, ajoss sequences (e.g. [4]) or
common to sequences (e.g. [2, 3, 6, 8]). In thijgsepawe are interested by mining
rules common to multiple sequences because it [z potential applications (e.g.
mining sequential rules common to several custotrarsactions to make product
recommendation). Although several algorithms haaenlproposed for this task, none
considers the duration of sequential rules in teofnsme. But for real applications,
users often only need to discover patterns ocaymiithin a maximum time span. In
this paper, we address this issue by proposindgamidam named TRuleGrowth. It is
an extension of the RuleGrowth algorithm [13]. Thst of this paper is organized as
follows. Section 2 presents the problem of miniegjuential rules and introduces
RuleGrowth. Section 3 presents TRuleGrowth. Sectipnesents the conclusion.

2 Mining Sequential Ruleswith RuleGrowth

There are two definitions of the problem of minisgquential rules common to
multiple sequences [3, 6]. In this paper, we usedhe of [3] because it produces
rules that are more general. According to thisinitédn, the problem of mining

sequential rules is defined as followss@quence databasgD is a set of sequences



S={s;, $...s} and a set of items I={j i,,...i} occurring in these sequences. A
sequencas an ordered list otemsets(sets of itemsy=l,, I,, ... |, such that, I,
...In € |, and where each sequence is assigned a usigu@equence id). As an
example, figure 1 depicts a sequence database imiogtafour sequences. For
instance, sequenceeqlin figure 1 means that item@sand b occurred at the same
time, and were followed successively @yf, g ande. A sequential ruleX=Y is a
relationship between two unordered itemsets Xz Y such that XY = @ and X, Y
are not empty. The interpretation of a rule>X is that if the items of X occur in a
sequence, the items in Y will occur afterward ia #ame sequence. Formally, a rule
X=Y is said tooccurin a sequencs=ly, |, ... |, if there exists an integersuch that
1<u<n, XS UL, L; and YcUiL,];. For example, the rulea{ b, c}={e, f, g}
occurs in the sequence,{b}, { ¢}, {f}, { g}, { €. But the rule f, b, f}={c} does not.
A rule X=Y is said to be of size*w if [X| = v and |Y| =w. For example, the rules
{a}={e, f} is of size 1*2. Furthermore, a rule of si?g is larger thananother rule of
sizeh*iiff>hand g=i,oriff>hand g >i.

1D Sequences ID Rule Support Conf.
seql | {a bL{cL{f}1.{g}{¢€} rl | {ab,c}=>{¢e 0.5 1.0
seq2 | {a, d}{cl{b}.{a b ef} r2 {a}>{c, e f} 0.5 0.66
seq3 | {a}{b}{f}{e} r3 | {a b}={ef} 0.5 1.0
seqd | {bL{f. g} >|rd | {}=>{ef} 0.75 0.75
r5 {a}=>{e f} 0.75 1.0
6 | {a}={b} 0.5 0.66

Fig 1. A sequence database (left) and some sequentaiauhd (right)

For a sequence database and a rueYXthe notationsiddX=Y) represents the
sids set(the set of sequence ids) of the sequences whereuth occurs. For an
itemset X and a sequence database, the notasidsiX) denotes the sids set
corresponding to sequences where all the items appears. Two interestingness
measures are defined for sequential rules. Thiedims is thesequentiaupport For a
rule X=Y, it is defined as supY) = [sidX=Y)| / |S|. The second one is the
sequential confidencand it is defined as confEXY) = |siddX=Y)| / [sidgX)|. The
problem of mining sequential rules common to midtgequencess to find all valid
rules, i.e. rules such that their support and clanfte are respectively no less than
user-defined thresholdainsupandminconf For instance, figure 1 shows some rules
found in a database foninsup= 0.5 andminconf= 0.5. Several algorithms were
proposed for this problem. In this paper, we adhptcurrent best algorithm named
RuleGrowth. To discover rules, RuleGrowth proceasifollows. It first finds rules of
size 1*1 and then recursively grows them by scamiiie sequences containing them
to find single items that can expand their lefright parts. This strategy ensures that
only rules occurring in the database are considasegotential valid rules by the
algorithm. The two processes for expanding ruleRiteGrowth are named left
expansion and right expansion. Formallyef expansioris the process of adding an
itemi to the left side of a rule 2¢Y to obtain a larger rule X{i}=Y. Similarly, a
right expansioris defined as the process of adding an itemthe right side of a rule
X=Y to obtain a larger rule %Y U{i}. An important property of expansions is that
any rule obtained by an expansion has a suppdrigHawer or equal to that of the
original rule [8] (the support is anti-monotonictivirespect to left/right expansions).
Therefore, all the rules having a support of atsteainsup can be found by



recursively performing expansions on frequent rolesize 1*1 (rules with a support
higher or equal taninsup). Moreover, this property guarantees that expandimule
having a support less thaminsupwill not result in a rule having a support no less
thanminsup

RuleGrowth takes as input a sequence databasenSupnandminconf Its main
procedure is shown in Figure 2. It first scansdh&abase once to calculaielqc) for
each itemc. Then, the algorithm scans the database a setoadahd removes each
item ¢ such thatdidqc)|/ |S| < minsup because all such item cannot be part of a valid
rule. After that, the algorithm generates all valites of size 1*1 with the remaining
items. This is done by considering each pair ah&& j one by one. The algorithm
scans sequences &idgi) N sidgj) to calculatesidgi=j) andsidgj=i), the sids of
sequences where the rulg £{j} and {j}={i} occur, respectively. After this, the
support of the ruleif ={j} is obtained by dividingsidgi=j)| by |S|. If the support is
no less thaminsup the procedure EXPANDLEFT and EXPANDRIGHT are edll
to try to expand the rule’s left and right partsusively, and the confidence of the
rule is calculated by dividingigdgi=j)| by kidgi)|. If the confidence is higher than or
equal tominconf the rule is valid and the algorithm outputs thker After this, the
same process is repeated for the rjjex{i}. Then, the algorithm considers all other
pairs of items in the same way. It can be easiBnsehat the main procedure of
RuleGrowth outputs all and only the valid rulesside 1*1. The next paragraphs
explain how it can also find rules of larger sizerécursively expanding rules.

RuleGrowth(S, minsup, mincopf

1. Scan the database one time. For each dtésund, record theidsof the sequences that contairias a
variablesids(c)

2. Scan the database S a second time and removeteachsuch thatsids(c)/ | < minsup

3. FOR each pair of itens;j :

4 sds(i=)) = @. sds(j=i) = d.

5. FOR each sid € (sids(i) N sids(j)

6. IF i occurs beforgin s, sids(i=)) := sids(i=j) U {s}.

7 IFj occurs beforéin s, sids(j=i) := sids(j=1) U {s}.

8 IF (sids(i=j)| / |S]) = minsupTHEN

9 EXPANDLEFT ({i}={]j}, sids(i) sds(i=j).

10. EXPANDRIGHT ({i}={j}, sids(i} sids(j), sds(i=j).

11. IF (kids(i=j)| / |sids(i)) > minconfTHEN OUTPUT rule {} ={j} with its conf. and support.
12. IF (sids(j=i)| / |S]) = minsupTHEN

13. EXPANDLEFT ({j}={i}, sids(j), dds(j=i).

14. EXPANDRIGHT ({j}={i}, sids(j) sids(i), sds(j=).

15. IF (kids(j=i)| / |sids(j)) > minconfTHEN OUTPUT rule {} ={i} with its conf. and support.

Fig. 2. The RuleGrowth algorithm

The main problem that had to be solved is how émtifly items that can expand a
rule left part or right part to produce a valid rule. By exploiting the fact that any
valid rule is a rule with a support higher or equal minsup this problem is
decomposed into two sub-problems, which are (18rdghing items that can expand
a rule ] to produce a frequent rule and (2) assessing if a frequent rule obtained
by an expansion is valid. The first sub-problem is solved as follows. To itfign
items that can expand a rulé=J and produce a frequent rule, RuleGrowth scan the
sequences fromidgl=J). During this scan, each iteersuch thatc ¢ |, ¢ ¢ J andc
occurs before the last occurrence of J in at lesssup<|S|sequences fromidg1=J)



is noted. Those items are the one that will produfquent rule by a left expansion
of r. For right expansions, we note each itesuch that ¢ | andc ¢ J andc occurs
after the first occurrence of | in at leasinsup<|S|sequences frorsidgl=J). The
second sub-problem is to determine if a rule olkethihy an expansion of a frequent
rule I=] with an itemc is a valid rule. To do this, the confidence of thie has to be
calculated. For a left expansion, the confidence oistained by dividing
[sidqlu{c}=J)|by kidgIu{c})|. The setidgIu{c}=J) is determined by noting each
sequence where expand the rule=] when searching items for the left expansion of
=], as explained in the previous paragraph. Thesgitlu{c}) is calculated by
scanning each sequences freitigl) to see ifc appears in it. For a rule of size 1*1,
sidgl) is determined during the initial database so&the algorithm, and for larger
rules, it can be updated after each left expanskor. a right expansion, the
confidence is calculated by dividingidgI=Ju{c})| by [sidql)|. The sesid(I=Ju{c})

is determined by noting each sequence whesgpand the rule=$] when searching
items for the right expansion o] as explained in the previous paragraph. Pseudo-
code of the EXPANDLEFT and EXPANDRIGHT proceduresich incorporate the
ideas discussed above, can be found in the Rule@rpaper [8]. RuleGrowth is a
correct and complete algorithm (it generates all anly valid rules) (see [8] for
details). RuleGrowth is also guaranteed to not firelsame rule twice, thanks to two
strategies (see [8] for justifications). The fioste is to not allow performing a right
expansion after a left expansion. The second oteasly add an item to rule itemset
if the item is greater than each item in the iteme=ording to the lexicographic
ordering [8].

3 TheTRuleGrowth Algorithm

We now present TRuleGrowth. We define the probldnmaing sequential rules
with a sliding-window as being the same as the lprabof mining sequential rules
except that a rule 2Y to occur in a sequencs=ly, |, ... |, if there exist integers k,
msuch that i j <k <m<n, X< UK;]; and YS U, ]; and thatm — j+ 1<
window_sizewherewindow_sizds defined by the user. We have made the following
modifications to RuleGrowth. First, in the main pedure, all occurrences of each
item are kept for each sequence. Then, when cairgideach pair of itemsandj to
generate rules of size 1*1, this information iscuge quickly check ifi andj appear
within the time window for each sequence freids(i) N sids(j) This enforces the
window size constraint for rules of size 1*1. Féarger rules, we have modified
EXPANDLEFT and EXPANDRIGHT. Due to space limitatiome only explain here
the modifications to EXPANDLEFT. First, the chealr fidentifying each potential
item ¢ that can expand a rule>U is modified to only consider itenessuch that the
resulting rule would respect the time window. Tisiglone efficiently as follows. To
identify potential items for a left expansion, eadguence containing the rule is
scanned one time. Each time that an itemset isfreada sequence, each item of that
itemset that is included in | is added to an HaghMashl with the position of the
itemset in the sequence and each item that isdedlun J is added to an HashMap
hashJwith the position of the itemset in the sequencéeW considering the next



itemset, all items that were found more thdndow_sizétemsets before are removed
from hashl and hashJ(because we consider them to be falling outsidewtimelow
defined by the current itemset and the lastdow_size-1 itemsets read). When the
sum of hashl|and hashJ|is the same asyl|, it means that all items are in the current
window. However, to ensure that | occurs befora dhe window, items should be
only added tchashlif |hashJ|= |J| andhashl should be emptied ihashJ|becomes
smaller thanJ|. When hashl|+ hashJ|becomes equal fbuJ|, each itene occurring
after the first item of J such that the window deespected can be added to the set
of potential items for this sequence, given thdtl andc ¢ J. An important note is
that for the implementation, the HashMaps shoulg &eep the most recent position
for each item. In Java, this behavior is the deféghavior if each sequence is
scanned from right to left. The second modificatisrthat whensids(u{c}=J) is
calculated, the calculation has to take into actthewindow constraint. This can be
achieved in a similar way as what is describedhin previous paragraph. The full
pseudocode of EXPAND-LEFT is given in figures 2.eThroof of corectness and
completedness is not shown due to space limitaBahit can be easily proved given
that RuleGrowth is correct and complete [8].

EXPANDLEFT( =], sidgl), sidgI=J))
FOR eactsid € sidgI=J)
hashl:= @. hashJ:= @.
FOR each itemset X in sequersig, from the last one to the first one.
REMOVE all items fronhashlandhashJseen more thawindow_size 1 itemsets
before.
IF hashJ was equal to |J| and became smaller after remde&ms THENHash| := &.
IF hashJ = |J] THEN add each itetre INX to hashlwith the position of X in
sequensél.
7. IF hashJ < |J] THEN add each itetire JNX to hashJwith the position of X in
sequensd.
8. IF hash| = |I] andHashJ = |J] THEN addidto a variablesid{Iu{ c} =J) for each item
c & luJ occurring before the first item of J in the womd
9. FOR each itene where $idgl1u{c}=J)|/ |S|> minsup:
10. sidglu{c}) ;= @.

PwbpE
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11. FOR eactsid € sidgl) such thasid € sid{c):

12. IF cand | occur within the maximum window THESSIU{ c}):= sidgIu{c}) u{sid}.
13. EXPANDLEFT(IU{c}=J,sidq1u{c}), sidgIu{c}=J))

14. IF |sidqIu{c} =J)|/ | sidg1u{c})| = minconfTHEN OUTPUT rule U{c}=J.

Fig. 2. The EXPANDLEFT procedure of TRuleGrowth

Perfor mance evaluation. To evaluate TRuleGrowth, we compared its perforgean
with RuleGrowth because it is the current best rtlgm. RuleGrowth and
TRuleGrowth were implemented in Java. We used séwdatasets. Due to space
limitation, we only show results foKosarak (http:/fimi.cs.helsinki.fi/datg/ a
dataset of 990,000 sequences of click-stream dalgorithms were run with
mincon£0.2, while varyingminsupfrom 0.004 to 0.001. TRuleGrowth was run with
window_size= 10, 12 and 14. Results are shown in figure 3this figure, the
notation Wk represents TRuleGrowth witkvindow_size= x. We observed that
TRuleGrowth can be several orders of magnitudeterfathan RuleGrowth and
generate several orders of magnitudes less rules. algo found that when
window_sizeis increased, there is a point where TRuleGrovetbolmes slower than




RuleGrowth. This is because TRuleGrowth has togperfextra calculations for
verifying the window size constraint, and whemdow_sizels set above a certain
value, this calculation takes more time than whaaived by pruning the search space.
Lastly, we found that TRuleGrowth has better mensmglability than RuleGrowth.
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Figure 3. Influence ofwindow_sizdor Kosarak

4 Conclusion

This paper presented TRuleGrowth, an algorithmfoning sequential rules common
to several sequences with a sliding-window. Experita have shown that
TRuleGrowth can be up to several of magnitudesfashd uses up to an order of
magnitude less memory than RuleGrowth. Source cofleRuleGrowth and
TRuleGrowth can be downloadedhtp://www.philippe-fournier-viger.com/spmf/
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