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Abstract. Discovering periodic itemsets in transaction databases is an
emerging data mining task. However, current algorithms are designed to
discover periodic itemsets in a single sequence. But in real-life, it is desirable to ﬁnd periodic patterns that are common to multiple sequences.
For example, a retail store manager can beneﬁt from ﬁnding that many
customers buy the same products every week in a retail store, to adapt
its marketing and sale strategies. To address this drawback of previous
work, this paper deﬁnes the problem of mining periodic patterns common to multiple sequences and proposes an eﬃcient algorithm named
MPFPS, which relies on a novel PFPS-list structure and two novel periodicity measures to assess periodicity with more ﬂexibility. Experiments
on several synthetic and real-life databases show that MPFPS is eﬃcient
and can ﬁlter many non-periodic itemsets to reveal the desired patterns.
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Introduction

Frequent pattern mining consists of discovering patterns that appear frequently
in a database. It plays an important role in data mining and has numerous
applications [3,10]. Several work in frequent pattern mining have focused on
discovering patterns such as frequent itemsets and association rules that do not
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consider the sequential ordering of data. But for several applications, considering the sequential ordering is meaningful and can reveal interesting information.
For example, when analyzing customer behavior, it can be discovered that some
actions are repeated by several customers over time. Discovering such information can be used to design eﬀective marketing and sales strategies.
To discover patterns in data while considering the sequential ordering, itemset
mining has been generalized as the problem of sequential pattern mining. It consists of discovering frequent subsequences in a set of sequences [1,14]. Although
sequential pattern mining has numerous applications and several algorithms have
been designed, an important limitation is that they are inappropriate to discover
recurring patterns. But recurring patterns are found in many domains [6,15]. For
example, one may detect recurring customer behavior such that some customers
buy some products every day, week, or month.
To discover recurring patterns, also called periodic patterns, several algorithms have been proposed in recent years [6,8,9,11–13]. However, most algorithms for discovering periodic patterns are designed to ﬁnd patterns in a single
sequence. But periodic patterns also commonly appear in sequence databases
(a set of multiple sequences). For example, it is desirable to discover periodic
behavior of not just one but common to several customers. To our best knowledge, only one algorithm, named PHUSPM, was proposed to mine periodic patterns in a sequence database [16]. However, this algorithm simply applies the
same periodicity measures as algorithms for discovering patterns in a single
sequence. As a result, PHUSPM can ﬁnd patterns that regularly appear in a
sequence database, but it does not consider whether these patterns are periodic
in each sequence. But ﬁnding patterns that are periodic in many sequences is
useful. For example, consider sequences of customer transactions in a retail store.
The PHUSPM algorithm could ﬁnd that bread and milk are periodically sold by
the store (appear periodically in the database) but would fail to ﬁnd that many
customers periodically buy bread and milk (bread and milk are periodic in multiple sequences, each corresponding to a customer). Finding such information is
useful for designing eﬀective sale and marketing strategies.
To address the above limitations of previous work, this paper proposes
the task of mining Periodic Frequent Patterns common to multiple Sequences
(PFPS), which considers the periodicity of patterns in each sequence and their
frequency in the overall database. Moreover, an eﬃcient algorithm is presented
to mine PFPS. The contributions of this paper are as follows:
– The problem of mining periodic frequent patterns common to multiple
sequences is deﬁned, and its properties are studied.
– To evaluate the periodicity of patterns in each sequence, a new measure is
deﬁned, which is the standard deviation of periods, to ﬁnd patterns that
occur with regularity. Moreover, a novel periodicity measure named Sequence
Periodic Ratio (SPR) is deﬁned to ﬁnd patterns that are periodic in multiple
sequences. To eﬀectively reduce the search space, an upper-bound on the SPR
called boundRa is developed and a novel pruning property is proposed.
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– An algorithm named MPFPS is presented to eﬃciently ﬁnd all periodic frequent patterns common to multiple sequences, which relies on a novel PFPSlist structure to avoid repeatedly scanning the database.
– An experimental evaluation on several real and synthetic datasets reveal that
the proposed algorithm is eﬃcient and can ﬁlter many non periodic patterns.
The rest of this paper is organized as follows. Section 2 reviews related work.
Section 3 deﬁnes the problem of periodic frequent pattern mining. Section 4
presents the proposed algorithm. Section 5 describes the experimental evaluation. Finally, Sect. 6 draws the conclusion and discusses future work.

2

Related Work

Several Frequent Itemset Mining (FIM) algorithms have been proposed to discover frequent itemsets, i.e. sets of items that appear frequently in a customer
transaction database [2]. One of the most inﬂuential, named Apriori explores
the search space of itemsets using a breadth-ﬁrst search. It combines pairs of
itemsets to generate larger candidate itemsets, and then scans the database to
calculate the support of itemsets and eliminate infrequent itemsets. However,
repeated database scans result in poor performance for large databases. The
Eclat [4] algorithm addresses this issue by creating a structure called id-list for
each considered itemset, which can be built from other id-lists to avoid performing database scans. Eclat performs a depth-ﬁrst search and divides the search
space into equivalence classes [4]. To consider the sequential ordering between
transactions, FIM algorithms have been extended for the task of Sequential Pattern Mining (SPM), which consists of discover subsequences appearing in many
sequences. Some representative SPM algorithms are AprioriAll [1], and PreﬁxSpan [5]. The former extends the Apriori algorithm.
Recently, FIM has been extended to discover periodic patterns in a single
sequence. A frequent itemset is said to be periodic in a sequence if it appears
multiple times and the time between each occurrence is less than a user-deﬁned
maximum periodic threshold. More eﬃcient algorithms have been designed, and
variation of the problem of mining periodic patterns in a single sequences have
been proposed [11]. For example, a study [11] addressed the “rare item problem”
by proposing to deﬁne a minimum support threshold for each item rather than
using the same threshold for all items. In another study, an algorithm named
M T KP P was proposed to discover the k periodic patterns that are the most
frequent in a sequence [13]. However, a drawback of all these studies is that the
maximum periodicity constraint is very strict. If a pattern appears regularly in a
database but appear a single time with a time interval larger than the maximum
periodicity threshold, it is discarded. Thus more ﬂexible measures are needed [9].
Although much work has been done to ﬁnd periodic patterns in a sequence, to the
best of our best knowledge, only one algorithm named PHUSPM [16] considers
discovering patterns in multiple sequences. But to do that, it considers multiple
sequences as a sequence, and then simply applies the same periodicity measures
designed for a single sequence. As a result, the algorithm does not consider
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whether a pattern is periodic in each sequence. Thus, PHUSPM is unable to
ﬁnd patterns such that several customers periodically buy some products every
week. This paper addresses this issue by proposing a more general model and
algorithm for mining periodic patterns that are periodic in multiple sequences.

3

Definitions and Problem Statement

This section is divided into two parts. It ﬁrst presents the problem of discovering
periodic patterns in a single sequence, and proposes a novel measure called the
periodic standard deviation to ﬁlter non interesting periodic patterns. Then, the
problem of periodic pattern mining is generalized to mine patterns in a sequence
database (multiple sequences).
Table 1. An example sequence database
Sequence id Sequence
1

(a, b, e), (a, b, e), (a, d), (a, e), (a, b, c)

2

(c), (a, b, c, e), (c, d), (a, b, c, e), (a, b, d)

3

(b, c), (a, b), (a, c, d), (a, c), (a, b)

4

(a, b, d, e), (a, b, e), (a, b, c), (a, b, d, e), (a, b)

Let there be a set of items I representing all the symbols in a database. An
itemset X is a subset of I, that is X ⊆ I. An itemset containing k items is said
to be a k-itemset. A sequence s is an ordered list of itemsets s = T1 , T2 , . . . Tm ,
where Tj ⊆ I (1 ≤ j ≤ m), j is the transaction identiﬁer of Tj , and Tj is said to
be a transaction. A sequence database D is an ordered set of n sequences, denoted
as D = s1 , s2 , ..., sn . The sequence si in D is said to be the i-th sequence of D,
and its sequence identiﬁer is said to be i. A sequence sa = A1 , A2 , ..., Ak  is said
to be a subsequence of a sequence sb = B1 , B2 , ..., Bl  iﬀ there exist integers
1 ≤ i1 < i2 < ... < ik ≤ m such that A1 ⊆ Bi1 , A2 ⊆ Bi2 , ..., Ak ⊆ Bil (denoted
as sa  sb ). For example, consider the database of Table 1, containing four
sequences, which will be used as running example. The ﬁrst sequence contains
ﬁve itemsets. The ﬁrst itemset contains three items (a, b and c). It is thus a
3-itemset. The sequence (a, b), (a) is a subsequence of s1 . In previous work, to
ﬁnd periodic patterns in a single sequence, the concept of periods was introduced,
which is deﬁned as follows [9].
Deﬁnition 1 (periods of an itemset in a sequence). Consider a sequence
si of a database D and an itemset X. Let T R(X, si ) = Tg1 , Tg2 , ..., Tgk   si be
the ordered set of transactions in which itemset X occurs in sequence si . Two
transactions Tx and Ty in si are said to be consecutive with respect to X if there
does not exist a transaction Tz ∈ si such that x < z < y and X ⊆ Tz . The period
of two consecutive transactions Tx and Ty for a pattern X is per(Tx , Ty ) = y −x.
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The periods of X in a sequence si are pr(X, si ) = {per1 , per2 , ..., perk+1 } where
per1 = g1 − g0 , per2 = g2 − g1 , . . . perk+1 = gk+1 − gk , where g1 , g2 , ..., gk are
the numbers of the transactions itemset X occurs and g0 and gk+1 are defined
as g0 = 0 and gk+1 = n, respectively.
For example, the itemset {a, b} occurs in transactions T1 , T2 and T5 of
sequence s1 . Thus T R({a, b}, s1 ) = {T1 , T2 , T5 } and the periods of pattern {a, b}
are pr({a, b}, s1 ) = {1, 1, 3, 0}.
The most widely used measure to assess the periodicity of a pattern in a
single sequence is the maximum periodicity [9]:
Deﬁnition 2 (maximum periodicity). The maximum periodicity of an itemset X in a sequence s is defined as maxP r(X, s) = argmax(pr(X, s)).
In previous work, a pattern is deemed periodic if its maximum period is
smaller than a user-deﬁned maxP r threshold, and its support is no less than a
threshold minSup. The support of an itemset X in a sequence s is the number
of transactions containing X in s, that is sup(X, s) = |T R(X, s)|. For example, consider maxP r = 3 and minSup = 3. The itemset {a, b} is periodic in
sequence s1 since its periods in that sequence are pr({a, b}, s1 ) = {1, 1, 3, 0},
its maximum period is maxP r({a, b}, s1 ) = max{1, 1, 3, 0} = 3 ≤ maxP r and
sup({a, b}, s1 ) = 3 ≥ minSup. However, a problem of maxP r measure is that
if it is set to a small value, patterns may be discarded if they only have a few
periods greater than maxP r, while if maxP r is set to a large value, patterns
having periods that vary greatly may be considered as periodic. To address this
problem, this paper proposes to consider the standard deviation of periods.
Deﬁnition 3 (standard deviation of periods). The standard deviation of
the periods of an itemset X in a sequence s is denoted as stanDev(X, s).
For example, the itemset {a, b} has four periods in sequence s1 , that is
pr(X) = {1, 1, 3, 0}. The average period of {a, b}is: avgP r({a, b},s1 ) = (1 +
1 +3 + 0)/4 = 1.25. The standard deviation is calculated as: stanDev({a, b}, s1 )
= [(1 − 1.25)2 + (1 − 1.25)2 + (3 − 1.25)2 + (0 − 1.25)2 ]/4.
Based on this deﬁnition, we consider than an itemset X is periodic in a
sequence s if it meets the following conditions.
Deﬁnition 4 (periodic pattern in a sequence). Let there be three userspecified thresholds maxP er, minSup and maxStd. An itemset X is periodic in a sequence s if maxP r(X, s) ≤ maxP r, sup(X, s) ≥ minSup and
stanDev(X, s) ≤ maxStd.
For example, the itemset {a, b} is periodic in sequence s1 for maxStd = 2.0,
since stanDev({a, b}, s1 ) = 1.09. The above deﬁnition is proposed to identify
periodic patterns in a single sequence. The following paragraphs explain how it
is extended to discover periodic frequent patterns common to multiple sequences
using a novel measure called the sequence periodic ratio.
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Deﬁnition 5 (sequence periodic ratio). The number of sequences where an
itemset X is periodic in a sequence database D is denoted as numSeq(X). The
sequence periodic ratio of X in D is defined as ra(X) = numSeq(X)/|D|, where
|D| is the number of sequences in D.
For instance, the number of sequences where {a, b} is periodic is
numSeq({a, b}) = 3 (it is periodic in s1 , s2 , and s4 ). The total number of
sequences is |D| = 4. Thus, the sequence periodic ratio of {a, b} is ra({a, b}) =
3/4 = 0.75.
Problem Statement. Let there be a sequence database D, and four userdeﬁned thresholds, namely the minimum support threshold minSup, maximum
periodicity threshold maxP r, maximum standard deviation threshold maxStd,
and minimum sequence periodic ratio threshold minRa. An itemset X is a Periodic Frequent Pattern (PFPS) in D if ra(X) ≥ minRa. The problem of mining
periodic patterns common to multiple sequences is to ﬁnd all PFPS.
For example, Table 2 shows the PFPS found for diﬀerent thresholds values.
The ﬁrst line uses minSup = 2, maxP r = 3, maxStd = 5.0 and minRa = 0.3,
while the following lines change one parameter with respect to the ﬁrst line (in
bold). It can be seen that each parameter is useful to reduce the number of
patterns, and thus provide a lot of ﬂexibility to the user to select the desired
patterns.
Also, we introduce a new measure called boundRa that is an upper-bound
on the ra measure to be able to reduce the search space.
Table 2. Patterns found for diﬀerent threshold values
No. minSup maxP r maxStd minRa Patterns found
1

2

3

1.0

0.6

{a}, {e}, {a, e}

2

3

3

1.0

0.6

{a}

3

2

1

1.0

0.6

{a}

4

2

3

1.5

0.6

{a}, {b}, {e}, {a, b}, {a, e},

5

2

3

1.0

0.4

{a}, {b}, {c}, {e}, {a, b}, {a, e}, {b, e}, {a, b, e}

Deﬁnition 6 (boundRa). Given two user-specified thresholds maxP er and
minSup, an itemset X is a candidate in a sequence s if maxP r(X, s) ≤ maxP r
and sup(X, s) ≥ minSup. The number of sequences where an itemset X is a
candidate in a sequence database D is denoted as numCand(X). The boundRa
of X in D is defined as boundRa(X) = numCand(X)/|D|.
Property 1 (pruning property). For two itemsets X ⊆ X  , (1) boundRa(X) ≥
ra(X) and (2) boundRa(X) ≥ boundRa(X  ).
Proof. It can be easily seen that the relationship (1) holds since the deﬁnition of
ra(X) and boundRa(X) are the same except that the former adds one more constraint. The relationship (2) is proven as follows. In a sequence s, it was shown
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that maxP r(X, s) ≤ maxP r(X  , s) [9], and that sup(X, s) ≤ sup(X  , s) [2].
Thus, the number of sequences where X  is a candidate cannot be greater
than the number of sequences where X is a candidate, i.e. numCand(X  ) ≤
numCand(X). Hence, boundRa(X) ≥ boundRa(X  ).

4

The MPFPS Algorithm

This section introduces an eﬃcient algorithm to mine PFPS, named MPFPS
(Mining Periodic Frequent Pattern common to Sequences). MPFPS explores
the search space of itemsets using a depth-ﬁrst search. The search space consists of 2|I| itemsets. MPFPS starts from single items, and recursively appends
an item to each itemset to generate a larger itemset, following the
order.
MPFPS reduces the search space by exploiting the fact that boundRa is an
upper-bound on the ra measure and satisﬁes the downward closure property
(Property 1). To calculate all the measures to evaluate patterns without having to repeatedly scan the database, MPFPS utilizes a novel data structure
called PFPS-list. A PFPS-list is created for each itemset that is visited in the
search space. The PFPS-list of an itemset X contains three ﬁelds. The i-set
ﬁeld stores X. The tidlist-list ﬁeld stores the list of identiﬁers of transactions
containing X. The sid-list ﬁeld contains the list of identiﬁers of sequences containing X. For example, the PFPS-list of the itemset {a} is: i-set:{a}, tidlist-list:
[{0,1,2,3,4}, {1,3,4},{1,2,3,4},{0,1,2,3,4}], sid-list:{0,1,2,3}. The PFPS-list of an
itemset allows to quickly ﬁnd the transactions and sequences where it appears,
and thus to determine if the itemset is periodic without scanning the database.
Moreover, as it will be explained, the PFPS-list of any itemset containing more
than one item can be obtained by performing an intersection operation on the
PFPS-lists of two of its subsets (without scanning the database).
The proposed MPFPS (Algorithm 1) takes as input a database with multiple
sequences and the maxStd, minRa, maxP r, and minSup thresholds. MPFPS
outputs all the PFPS. It ﬁrst scan the database once to calculate sup({i}, s),
pr({i}, s), maxpr({i}, s) and stanDev({i}, s) for each item i and sequence s
(line 1). Then, MPFPS checks if each item i is periodic in each sequence of the
database (line 2 to 4). For an item i appearing in a sequence s, if sup({i}, s) ≥
minSup, maxpr({i}, s) ≤ maxP r and stanDev({i}, s) < maxStd, then i is said
to be periodic in that sequence. Then, the algorithm calculates the sequence
periodic ratio of item i by dividing the number of sequences where i is periodic
by the total number of sequences. If this value is not less than minRa, i is a
PFPS (line 4). Also, boundRa of {i} is calculated to prune the search space
(line 5 and 6) and the PFPS-list of each single item i such that boundRa({i}) ≥
minRa is stored in a set boundP F P SSingle (line 8), which is sorted according
to the order of ascending support. Then, the depth-ﬁrst search of PFPS starts
by calling the recursive procedure Search with boundP F P SSingle, minSup,
maxP r, maxStd, minRa and D.
The Search procedure (Algorithm 2) takes as input PFPS-lists of extensions of an itemset P , the minSup, maxP r, maxStd, minRa thresholds and
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Algorithm 1. The MPFPS algorithm
input : D: a database with multiple sequences, maxStd, minRa, maxP r, minSup: the
thresholds.
output: the set of periodic frequent patterns (PFPS).
1
2
3
4
5
6
7
8
9
10

Scan each sequence s ∈ D to calculate sup({i}, s), pr({i}, s), maxpr({i}, s) and
stanDev({i}, s) for each item i ∈ I;
foreach item i ∈ I do
numSeq({i}) ← |{s|maxpr({i}, s) ≤ maxP r ∧ stanDev({i}, s) ≤
maxStd ∧ sup({i}, s) ≥ minSup ∧ s ∈ D}|;
ra({i}) ← numSeq({i})/|D|;
numCand({i}) ← |{s|maxpr({i}, s) ≤ maxP r ∧ sup({i}, s) ≥ minSup ∧ s ∈ D}|;
boundRa({i}) ← numCand({i})/|D|;
end
boundP F P SSingle ← {PFPS-list of item i|i ∈ I ∧ boundRa({i}) ≥ minRa};
Sort boundP F P SSingle by the order
of ascending support values;
Search (boundP F P SSingle, minSup, maxP r, maxStd, minRa, D);

the database. An extension of an itemset P is an itemset that is obtained by
appending an item z to P , and is denoted as P z. When the procedure is ﬁrst
called, P is the empty set, and extensions of P are single items. The Search procedure performs a loop for each extension P x of P . The procedure ﬁrst calculates
numCand(P x) and boundRa(P x) using the PFPS-list of P x, which is denoted
as LP x (line 2 to 3). Then, if boundRa(P x) ≥ minRa, ra(P x) is calculated to
check if P x is a PFPS, and if yes, P x is output (line 5 to 7). Then, a loop is performed to combine P x with each extension P y of P such that y x, to generate
an extension P xy containing |P x| + 1 items (line 8 to 11). The PFPS-list of each
such extension P xy, denoted as LP xy is created without scanning the database
by applying the Intersect procedure (Algorithm 3) on the PFPS-lists of P x
and P y. Then, the Search procedure is recursively called with the PFPS-lists
of PFPS that extend P x to explore their transitive extensions (line 13).
Algorithm 2. The Search procedure
input : ExtensionsOf P : a set of PFPS-lists of extensions of an itemset P ,
minSup, maxP r, maxStd, minRa: the thresholds, D: the database.
output: the set of periodic frequent patterns that extend P .
1
2
3
4
5
6
7
8
9
10
11
12
13
14

foreach PFPS-list LP x ∈ ExtensionsOf P and P x = LP x.i-set do
numCand(P x) ← |{s|maxpr(P x, s) ≤ maxP r ∧ sup(P x, s) ≥ minSup ∧ s ∈ D}|;
boundRa(P x) ← numCand(P x)/|D|;
if boundRa(P x) ≥ minRa then
numSeq(P x) ← |{s|maxpr(P x, s) ≤ maxP r ∧ stanDev(P x, s) ≤
maxStd ∧ sup(P x, s) ≥ minSup ∧ s ∈ LP x.sid-list}|;
ra(P x) ← numSeq(P x)/|D|;
if ra(P x) ≥ minRa then output P x ;
foreach PFPS-list LP y ∈ ExtensionsOf P and P y = LP y.i-set such that y
do
LP xy ← Intersect (LP x, LP y);
ExtensionsOf P x ← ExtensionsOf P x ∪{LP xy};
end
end
Search (ExtensionsOf P x, minSup, maxP r, maxStd, minRa, D);
end

x

The Intersect procedure takes as input the PFPS-lists of two itemsets P x
and P y, denoted as LP x and LP y, and outputs the PFPS-list of the itemset
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P xy. The algorithm ﬁrst initialize an empty PFPS-list LP xy for P xy (line 1).
Then, the algorithm performs a loop to consider each sequence that appears
in both the PFPS-lists of P x and P y. For each such sequence, let si be the
sequence identiﬁer representing that sequence. That sequence identiﬁer is used
to retrieve the lists of identiﬁers of transactions containing P x and P y in that
sequence, denoted as tidListSiP x and tidListSiP y, respectively (line 3 and 4).
These two lists are then intersected to obtain the list of identiﬁers of transactions
containing P xy in that sequence, named tidListSiP xy (line 5). If that latter list
is not empty, si is added to the PFPS-list of P xy as well as the list of transactions
tidListSiP xy. The procedure returns the PFPS-list of P xy, which is obtained
without scanning the database.
Algorithm 3. The Intersect procedure
input : LP x and LP y: the PFPS-lists of two extensions P x and P y of an itemset
output: the PFPS-list LP xy of itemset P xy
1
2
3
4
5
6
7
8
9
10

4.1

LP xy.i-set ← P x ∪ {y}; LP xy.tidlist-list ← ∅; LP xy.sid-list ← ∅;
foreach sequence identifier si ∈ LP x.sid-list such that si ∈ LP y.sid-list do
tidListSiP x ← the tid list of si in LP x.tidlist-list;
tidListSiP y ← the tid list of si in LP y.tidlist-list;
tidListSiP xy ← tidListSiP x ∩ tidListSiP y;
if tidListSiP xy = ∅ then
LP xy.sid-list.append(si); LP xy.tidlist-list.append(tidListSiP xy);
end
end
return LPxy;

A Detailed Example

Consider the example database of Table 1 and that minSup = 2, maxP r = 3,
maxStd = 1.0 and minRa = 0.6. The main procedure of MPFPS (Algorithm 1)
ﬁrst processes single items. Consider the item a. By scanning the database,
it ﬁnds that pr({a}, s1 ) = [1,1,1,1,1,0], pr({a}, s2 ) = [2,2,1,0], pr({a}, s3 ) =
[2,1,1,1,0], pr({a}, s4 ) = [1,1,1,1,1,0], maxpr({a}, s1 ) = 1, maxpr({a}, s2 ) =
2, maxpr({a}, s3 ) = 2, maxpr({a}, s4 ) = 1, stanDev({a}, s1 ) = 0.152
stanDev({a}, s2 ) = 0.256, stanDev({a}, s3 ) = 0.632, and stanDev({a}, s4 ) =
0.152. As maxpr({a}, s1 ) < maxP r and stanDev({a}, s1 ) < maxStd, item
{a} is periodic in sequence s1 . Similarly, it is also periodic in sequences s2 ,
s3 and s4 , and (a) is periodic in numSeq({a}) = 4 sequences and the ratio
ra({a})=1≥ minRa. Thus, {a} is a PFPS. Then, the same process is repeated
for the other items and it is found that the items {a} and {e} are PFPS. The
PFPS-lists of these items are built, and the Search procedure is called to ﬁnd
larger PFPS (Algorithm 2). Since {a} is a PFPS and boundRa({a}) ≥ minRa,
the Search procedure outputs a. Then, the loop is continued with the PFPSlists of extensions of ∅, that is the PFPS-list of {e}. The Intersect procedure is
applied on the PFPS-lists of {a} and {e} to generate the PFPS-list of {a, e}.
Then, the sequences in which {a} and {e} are both periodic and candidates are
found. The sid-list of {a} is {0, 1, 2, 3} and that of {e} is sid-list is {0, 1, 3}. Thus,
they are both periodic in the ﬁrst, second and fourth sequences. The sid-list of
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{a, e} is {0, 1, 3}. For the ﬁrst sequence, {a}’s tidlist is {0, 1, 2, 3, 4}, {e}’s tidlist
is {0, 1, 3}, and their intersection is {0, 1, 3}. Hence, itemset {a, e} is periodic in
this sequence. The sequence identiﬁer 0 is added to the sid-list of {a, e} and the
intersection {0, 1, 3} to the tidlist-list of {a, e}. The same process is repeated for
the two other sequences, and the PFPS-list of {a, e} is returned to the Search
procedure, which adds it to the PFPS-list extensions of {a} and it recursively
calls itself until all PFPS are found.

5

Experimental Evaluation

In prior work, a single algorithm named PHUSPM was proposed to mine periodic patterns in a sequence database. However, it ﬁnds patterns that regularly
appear in a database whereas the proposed MPFPS algorithm ﬁnds patterns
that are periodic in many sequences. Thus, the performance of these algorithms
cannot be compared. For this reason, this experimental evaluation compares the
performance of MPFPS for several parameter values with a baseline version of
MPFPS designed to ﬁnd all frequent patterns. MPFPS is implemented in Java,
and was run on a Windows 10 computer equipped with a 3.60 GHz Xeon E3
CPU with 64 GB of memory. The experiment is carried out on two real databases
(F IF A, Bible) obtained from the website of the SPMF library [7], and on a synthetic sequence database created using the SPMF generator. These databases
were chosen because they have diﬀerent characteristics. F IF A contains 2,990
distinct items and 20,450 sequences, with an average of 34.7 items per sequence.
Bible contains 13,905 distinct items and 36,369 sequences, with an average of
21.6 items per sequence. In F IF A and Bible, each transaction contains one item
per transaction. For this reason, the synthetic T 15I1KD300K database was also
used, where each transaction has at most 10 items per transactions. This large
sparse sequence database contains 300,000 transactions and 1,000 distinct items,
and 10 items on average per sequence. The source code of MPFPS and datasets
can be obtained from http://www.philippe-fournier-viger.com/spmf/.
MPFPS has four parameters: maxStd, minRa, maxP r and minSup. The
latter is used to ﬁnd frequent patterns in each sequence and has been found to
have little inﬂuence on the number of periodic patterns. Hence, minSup is set
to a ﬁxed value in the experiment (minsup = 2). Moreover, when maxStd and
maxP r are set to large values and minRa = 0, the algorithm ﬁnds all frequent
patterns. Thus, in the following, the MPFPS algorithm with maxStd = 1000,
minRa = 0 and maxP r = 1000 will be used as baseline, and will be denoted as
M P F P S-baseline(0, 1000). The baseline will be compared with other parameter
settings to assess the inﬂuence of the maxStd, maxP r and minRa parameters on
the performance of the algorithm and number of patterns found. In the following,
M P F P S(x, y) denotes MPFPS with minRa = x, maxP r = y and minSup = 2.
5.1

Inﬂuence of minRa and maxStd

The minRa and maxStd parameters were ﬁrst varied to evaluate their joint
inﬂuence, while the maxP r parameter was set to a ﬁxed value (maxP r = 10
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for F IF A and Bible, and maxP r = 20 for T 15I1KD300K). Figure 1 shows
the runtimes and number of PFPS found for various values of the maxStd and
minRa parameters.
In general, it can be observed that mining PFPS in the two real databases
F IF A and Bible can be up to 20% faster than mining all frequent patterns
using the baseline algorithm, whereas for T 15I1KD300K, it can be 30 times
faster. The reason for this performance diﬀerence among databases is that there
is only one item per transaction in F IF A and Bible, and thus the search space of
itemsets is small, whereas transactions of T 15I1KD300K contains many items
per transactions, which results in a very large search space. Because a large
number of frequent patterns in T 15I1KD300K are non periodic, pruning non
periodic patterns leads to a massive performance improvement.
For the maxStd parameter, it is observed that the number of periodic patterns can become very small compared to the baseline algorithm when this
parameter is varied. For example, in T 15I1KD300K there are 89,081 frequent
patterns but only 20,986 PFPS when maxStd is decreased from 1000 to 10, and
only 1003 PFPS when maxStd is decreased from 10 to 5.
For the minRa parameter, it is observed that it also greatly inﬂuences the
number of PFPS. For Bible and maxStd = 1000, when minRa is varied from 0 to
0.001 (which means there should be at least 0.1% sequences in which an itemset
is periodic), the number of PFPS decreases from 1126 to 63. This shows that
most patterns are periodic in few sequences, and that the proposed algorithm
can ﬁlter many non periodic patterns.
5.2

Inﬂuence of maxP r

The maxP r parameter was also varied to evaluate its inﬂuence. Since the average
number of transaction per sequence in the datasets is not greater than 35, this
parameter was set to small values, and also to maxP r = 1000 as a baseline,
indicating that the parameter is deactivated. Figure 2 compares the runtimes
and number of PFPS found for various values of maxP r, when maxStd is varied
as in the previous subsection.
It is ﬁrst observed that the maxP r parameter can be used to greatly
reduce the number of patterns found. For example, on the F IF A dataset for
Table 3. Memory used by MPFPS for diﬀerent parameter values on T 15I1KD300K
Memory(MB)

maxStd

MPFPS(x,y)
MPFPS-baseline(0,1000)
MPFPS(0,20)
MPFPS(0.0001,20)
MPFPS(0.001,20)
MPFPS(0,10)
MPFPS(0.0001,10)
MPFPS(0.001,10)

3

4

5

10

15

20

1000

1837
1837
1797
1797
1797
1797
1797

1995
1995
1876
1797
1837
1797
1797

2035
2095
2035
1797
1837
1797
1797

2452
2272
2233
2233
1837
1797
1797

2668
2549
2550
2589
1837
1797
1797

2613
2604
2550
2589
1837
1797
1797

3309
2773
2589
2589
1837
1797
1797
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Fig. 1. Runtimes and number of patterns for diﬀerent minRa and maxStd values

maxStd = 1000, minRa = 0 and maxP r = 5, 134 patterns are found, while
1000 patterns are found for maxP r = 1000. This is reasonable since the condition that the periods of a pattern must all be less than maxP r is very strict.
In terms of runtime, decreasing the maxP r parameter improves performance
but not by a large amount on the real F IF A and Bible datasets, while it provides
a considerable improvement on the synthetic dataset. The reason is that the
search space is larger in that dataset and pruning properties are more eﬀective
as few periodic patterns are expected to appear in this database since the data
is synthetic.
5.3

Memory Used for Diﬀerent Parameter Values

Tables 3, 4 and 5 compares the memory used for various values of minRa and
maxP r, when maxStd is varied as in the previous subsection for the three
databases. Due to the space limitation, for the F IF A and Bible databases, only
three lines of results are shown. The ommitted lines are almost the same (around
320 MB).
It can ﬁrstly be observed that, when maxStd is increased, MPFPS needs
more space to store the PFPS-lists of the itemsets. For example, when maxStd
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Fig. 2. Runtimes and number of patterns for diﬀerent maxP r and maxStd values

is increased from 3 to 15 for MPFPS(0.001, 20) in Table 3, memory usage also
increases from 1797 MB to 2589 MB. This shows that maxStd can be used to
greatly reduce the number of patterns stored in memory.
For the minRa parameter, it is observed that this parameter also inﬂuences
memory usage. For example, for T 15I1KD300K when minRa is increased from
0 to 0.001, maxStd = 4 and maxP r = 20, the memory decreases from 1995 MB
to 1797 MB. This shows that minRa is also helpful for reducing the number of
stored patterns.
The maxP r threshold can also reduce memory usage, as observed in the
tables. For example, for T 15I1KD300K, when maxP r is decreased from 1000
to 10, maxStd = 10 and minRa = 0, the memory decreases from 2452 MB to
1837 MB.
5.4

Discussion

On overall, it has been found that the maxP r, minRa and maxP r parameters
can be used to ﬁlter a large number of non periodic patterns. Thus the proposed
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Table 4. Memory used by MPFPS for diﬀerent parameter values on F IF A

Memory(MB)

maxStd

MPFPS(x,y)
MPFPS-baseline(0,1000)
MPFPS(0,10)
MPFPS(0.0001,10)

1

2

3

4

5

10

1000

280
280
320

320
320
320

320
320
320

320
320
320

320
360
320

400
360
320

525
360
320

Table 5. Memory used by MPFPS for diﬀerent parameter values on Bible
Memory(MB)

maxStd

MPFPS(x,y)
MPFPS-baseline(0,1000)
MPFPS(0,10)
MPFPS(0.0001,10)

1

2

3

4

5

10

1000

280
280
280

320
320
320

380
360
320

400
400
320

520
480
320

847
560
320

1386
560
320

algorithm can be used to ﬁnd a small set of periodic patterns. It was also shown
that parameters can also reduce the runtime. How to set the parameters is
dataset dependent as diﬀerent databases may contain patterns with shorter or
longer periods, or periods that vary more or less greatly. It has been found that
the minSup parameter has a very small inﬂuence on the algorithm’s output and
performance (results were not shown due to space limitation). Thus, it is recommended to set the minSup parameter to a small value. It is recommended to set
the maxP r parameter to a large value as the pruning condition for this parameter is very strict (as explained in the related work section). It should thus be
used to ﬁlter patterns that have very large periods. Thus, the two most important parameters are the maxStd and maxRa parameters. The former allows to
specify the maximum variation in terms of periodicity over time for a periodic
patterns. The latter is the ratio of sequences where a pattern must be periodic,
and is proposed to ﬁnd periodic patterns common to multiple sequences.

6

Conclusion

Previous work on periodic pattern mining have mainly focused on analyzing
patterns in a single sequence. This paper has thus proposed a novel problem of
mining periodic frequent patterns common to multiple sequences, which consists
of discovering all patterns respecting user-deﬁned minimum support, maximum
periodicity, maximum standard deviation and minimum sequence periodic ratio
thresholds. The problem was formally deﬁned and properties of the problem
have been studied. Moreover, an eﬃcient algorithm named MPFPS was proposed
to discover these patterns, based on a novel PFPS-list structure and boundRa
upper-bound to reduce the search space. Experiments on several databases have
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shown that the proposed algorithm is eﬀective and can greatly reduce the number
of patterns found by ﬁltering non periodic patterns.
There are several opportunities for future work. In future work, we will consider adapting the proposed model for various distributions. Furthermore, we
will consider extending the model to discover more complex types of periodic
patterns such as partial orders, rules and sequential patterns from sequences.
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