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Abstract Periodic itemset mining is the task of finding all the sets of items
(events or symbols) that regularly appear in a sequence. One of the most
important applications is customer behavior analysis, where a periodic item-
set found in a sequence of customer transactions indicates that the customer
regularly buys some items together. Using this information, marketing strate-
gies can be tailored and product recommendation can be done. However, a
major limitation of traditional periodic itemset mining is that the relative
importance of each item is not taken into account, and that each item cannot
appear more than once at each time step of the sequence. But in real-life,
not all items are equally important (e.g. selling a cake yield less profit than
selling a computer) and a customer may buy multiple units of the same item
at the same time (e.g. many cakes). To address these factors, the task of pe-
riodic frequent itemset mining was generalized as that of periodic high utility
itemset mining, where the goal is to find the sets of items that not only pe-
riodically appear in a sequence but also have a high importance (e.g. yield a
high profit). This chapter provides an overview of this task and presents an
algorithm to solve this problem. Moreover, a variation of this task that con-
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sisting of discovering irregular high utility itemsets is also discussed. Finally,
some research opportunities are listed.

1 Introduction

In recent decades, more and more data has been collected and stored in
databases. Making sense of this data has become challenging as analyzing
large volumes of data by hand is prone to error and time-consuming. As
a solution, data mining has emerged as an important task. It consists of
applying algorithms to (semi)-automatically analyze data. Various types of
data can be analyzed using data mining techniques such as spatial data [65],
sequences [26], trajectories [16, 80], databases [24, 27], and graphs [42]. Data
mining algorithms can generally be viewed as designed to build predictive
models from data (to predict the future) or to find interesting patterns that
can help to understand the data (to describe the data or understand the
past).

The task of finding interesting patterns in data is known as pattern min-
ing. The goal is to find sets of values that appear together in the data and
meet some criteria set by the user. The most fundamental problem in pat-
tern mining is known as frequent itemset mining [1, 24, 52]. The input is a
database of transactions (records), as well as a parameter called the minimum
support threshold minsup. The output is the frequent itemsets, that is the
sets of value that appear at least in minsup records of the input database.
For example, frequent itemset mining can be applied on a database of trans-
actions made by a customer to reveal information such that the customer
often purchased the items cake and milk together.

Frequent itemset mining is useful and has many applications. However, it
considers that records are unordered. But for several domains such as analyz-
ing customer transactions, the records (transactions) are ordered sequentially
(e.g. by time). To find patterns that regularly appear in a sequence of events
(e.g. transactions), the problem of frequent itemset mining was redefined as
frequent periodic itemset mining [3, 4, 32]. A periodic pattern is a set of
values that regularly appear in a sequence. For instance, a pattern found in
transaction data from a customer may indicate that the customer regularly
buys milk with cake.

Although periodic frequent pattern mining is useful, a drawback is that the
relative importance of each item is not taken into account. In other words, it
is assumed that all items are equally important. Moreover, another limitation
is that the quantities of items are assumed to be binary (an item either appear
or not in a record). However, in real-life, items may appear more than once
at each time step (e.g. a customer may buy five apples or just one), and
some items are more important than others (e.g. selling a smartphone yield
more profit than selling a pen). As a result, algorithms for periodic frequent
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itemset mining may find a huge amount of periodic patterns that are not
important (e.g. yield a low profit) and miss many rare periodic patterns that
have a high importance (e.g. yield a high profit). To address these issues, the
task of periodic pattern mining was generalized as that of periodic high utility
itemset mining (PHUIM) [23]. The goal is to find the sets of items that not
only periodically appear in a sequence but also have a high importance (e.g.
yield a high profit). This chapter describes that problem of PHUIM.

The chapter is organized as follows. Section 2 briefly reviews related work
on frequent periodic itemset mining. Then, Section 3 describes the problem of
periodic high utility itemset mining and an efficient algorithm named PHM
(Periodic High utility itemset Miner) [23] to solve this problem. Thereafter,
Section 4 discusses a problem variation to find irregular high utility itemsets
using an algorithm called PHMirregular. Finally, Section 5 discusses some
other variations [11] and research opportunities, and Section 6 draws a con-
clusion.

2 Preliminaries about Periodic Itemset Mining

This section briefly reviews concepts from periodic itemset mining that are
useful for this chapter. Let there be a finite set I of items. An item is a symbol
or event type. An itemset X is a set of items (X ⊆ I). An itemset X that
has k items is called a k-itemset. The input in periodic itemset mining is a
sequence of transactions, also called a transaction database.

Definition 1 (Transaction database) A transaction database is a se-
quence of transactions s = 〈T1, T2, . . . Tm〉, where Tj ⊆ I. The integer w
used to denote a transaction Tw is called its transaction identifier and is
unique.

Example 1 Consider the database of Table 1. This database is a sequence
of seven transactions made by a customer, denoted as T1, T2, . . . , T7. Each
transaction is a set of items that the customer purchased at a given time
from the sets of products I = {a, b, c, d, e}. For instance, the transaction T5
indicates that the customer has bought items a, c and d together. In this case,
transactions are ordered by purchase times. An itemset such as {a, b, c, d, e}
is a 5-itemset because it contains five items.

It is to be noted that although a sequence of transactions is often ordered
by time, it can be ordered according to other criteria. For example, a sequence
of nucleotides in the genome of a virus such as 〈{A}, {A}, {C}, {G}, {T}, {A},
. . .〉 can be viewed as a sequence of transactions where the order does not
depend on time [54]. Another example is to consider a text document as a
sequence of transactions, where each transaction is the set of words (items)
appearing in a sentence. In that case, the sequential ordering represents the
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Table 1: A sequence of transactions (transaction database)

Transaction ID Transaction
T1 a, c
T2 e
T3 a, b, c, d, e
T4 b, c, d, e
T5 a, c, d
T6 a, c, e
T7 b, c, e

order between sentences rather than time. If a transaction database is ordered
by time or contain timestamps, it is sometimes called a temporal database
or temporal transaction database.

To find periodic patterns in a sequence of transactions, the task of frequent
periodic itemset mining has been proposed, which aims at finding itemsets
that regularly appear over time [3, 32]. This task is defined based on the
following definitions.

Definition 2 (Sequence containment) Consider a sequence sv = 〈V1, V2,
. . . , Vk〉 and another sequence sw = 〈W1,W2, ...,Wl〉. It is said that the
sequence sv is a subsequence of sw (denoted as sv v sw) iff some integers 1 ≤
b1 < b2 < ... < bk ≤ m exist such that V1 ⊆Wb1, V2 ⊆Wb2, . . . , Vk ⊆Wbl.

Example 2 The sequence sv = 〈(a, e), (b, d)〉 is a subsequence of the sequence
of transactions depicted in Table 1 since {a, e} is a subset of transaction T3
and it is followed by {b, d} in T4. Another example is that 〈(a, e), (b, d)〉 v
〈(a, e), (b)(b, c, d)〉.

To check if an itemset is periodic in a sequence of transactions, it is neces-
sary to define what it means to be periodic using some criteria [3, 32]. This is
done by using some evaluation functions that measure how periodic a pattern
is. The basic evaluation functions used in frequent periodic itemset mining to
select periodic patterns are the support and the maximum periodicity, which
are based on the following definitions.

Definition 3 (Support function) The support of an itemset X in a se-
quence of transactions s is the number of transactions from s that contain
X. The support is formally defined as sup(X, s) = |TR(X, s)| and simply
denoted as sup(X) without s when the context is clear.

Example 3 Consider the itemset X = {a, e} and the sequence s of Table 1.
The itemset X has a support of 2 since X appears in two transactions (T3
and T6). This is denoted as sup(X, s) = 2.

Definition 4 (Consecutive transactions with respect to an itemset)
For a sequence of transactions s and an itemset X v s, the ordered list of
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transactions (from s) containing X is denoted and defined as TR(X, s) =
〈Tg1 , Tg2 , . . . , Tgk〉 v s. Two transactions Tx and Ty in TR(X, s) are said to
be consecutive with respect to X if there is no transaction Tz ∈ s such that
x < z < y and X ⊆ Tz.

Example 4 Consider the sequence s of Table 1 and the itemset X = {b, c}.
The list of transactions from s containing X is TR(X, s1) = {T3, T4, T7}. The
transactions T3 and T4 are consecutive transactions with respect to X. The
transactions T4 and T7 are also consecutive transactions with respect to X.

Definition 5 (Periods of an itemset) For an itemset X, the period of two
consecutive transactions Tx and Ty containing X is defined as per(Tx, Ty) =
y − x. The periods of an itemset X in a sequence s are denoted and defined
as pr(X, s) = {per1, per2, ..., perk+1} where per1 = g1 − g0, per2 = g2 − g1,
. . . perk+1 = gk+1 − gk, and g0 = 0 and gk+1 = n, respectively.

Example 5 Continuing the previous example, the periods of X in s are
pr(X, s) = {3, 1, 3, 0}. Consider another itemset Y = {a, c}. The periods
of Y in s are pr(Y, s) = {1, 2, 2, 1, 1}.

Definition 6 (Maximum periodicity function) A common evaluation
function to determine if an itemset X is periodic in a sequence s is called the
maximum periodicity and is defined as maxPr(X, s) = argmax(pr(X, s)) [3].

Example 6 The maximum periodicity of X = {a, e} and Y = {a, c} in s are
respectively maxPr(X, s) = argmax({3, 1, 3, 0}) = 3 and maxPr(Y, s) =
argmax({1, 2, 2, 1, 1}) = 2.

Traditionally, an itemset X is called a frequent periodic itemset if it has a
support that is no less than a minSup threshold set by the user (sup(X, s) ≥
minsup), and if the maximum periodicity is no less than a user-specified
threshold maxPer (maxPr(X, s) ≤ maxPer) [3, 32]. For instance, if the
user sets minSup = 2 and maxPer = 2, the itemset {a, c} is a periodic
itemset in the sequence of Table 1.

Though finding frequent periodic itemsets can be useful, a problem with
this definition of periodic itemset is that it is too strict since if an itemset has
a single period that is greater than maxPer, it is deemed non periodic. For
instance, if maxPer = 1 week and a customer has always bought bread every
day over a year for one week, then the itemset {bread} will not be periodic.
Several alternative evaluations functions have been proposed to address this
problem. Some functions that have been studied are:

• the average periodicity [32] defined as avgPr(X, s) = average(pr(X, s)),
• the minimum periodicity [32] defined as minPr(X, s) = argmin(pr(X, s)),
• the standard deviation of periods [21, 55, 56], defined as stanDev(X, s) =
stanDev(pr(X, s)),

• and the variance of periods [44, 61, 62].
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Besides, some measures were proposed to evaluate whether an itemset is
periodically stable over time (consecutive periods remains more or less the
same) [28, 33], and statistical testing as also been employed to find statisti-
cally significant periodic patterns [55].

In the remaining of this chapter, the following definition of periodic item-
sets is used, as it is more general than the traditional definition [23, 32].

Definition 7 (Periodic itemset) An itemset X is considered to be a pe-
riodic itemset if it satisfies three conditions: (1) minAvg ≤ avgper(X) ≤
maxAvg, (2) minper(X) ≥ minPer, and (3) maxper(X) ≤ maxPer, where
minAvg, maxAvg, minPer and maxPer are positive numbers.

This definition is quite flexible as it let the user specifies on average how
large the periods of an itemset should be (by condition 1), and two constraints
on the minimum and maximum size of periods (by conditions 2 and 3). It is to
be noted that some conditions can also be ommitted if needed. For example,
if only condition 3 is used, the traditional definition of periodic pattern is
obtained.

Example 7 Consider that minAvg = 1, maxAvg = 2, minPer = 1 and
maxPer = 3. The itemsetX = {b, c, e} is a periodic itemset since avgper(X) =
1.75 ≤ maxAvg, avgper(X) = 1.75 ≥ minAvg, minper(X) = 1 ≥ minPer,
maxper(X) = 3 ≤ maxPer.

It can be observed that the definition of periodic itemset does not consider
timestamps. However, it can be easily generalized to be used for transactions
that have timestamps. In that case, the transaction identifiers can be replaced
by timestamps for the calculation of the periods of an itemset. In the case
where two transactions have the same timestamp, an arbitrary order between
them can be established.

To develop efficient algorithms for finding periodic itemsets using the above
definition, a few important properties of the evaluation functions are the
following [3, 23, 32].

Property 1 (The average, minimum and maximum periodicity are monotonic)
Consider two itemsets X and Y satisfying the relationship X ⊂ Y . It follows
that avgper(Y ) ≥ avgper(X). Moreover, it can proved that minper(Y ) ≥
minper(X) and maxper(Y ) ≥ maxper(X).

Property 2 (Eliminating non periodic itemsets using the maximum periodic-
ity) Consider an itemset X and a sequence of transaction s. The itemset X
and its supersets are not periodic itemsets if maxper(X) > maxPer [3].

Property 3 (Eliminating non periodic itemsets using the average periodicity)
An itemset X is not a periodic itemset in a sequence of transactions s if
avgper(X) > maxAvg. This condition can be rewritten as |sup(X, s)| <
(|s|/maxAvg)− 1 [23, 32].
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As it will be shown, the Property 2 and 3 can be used to avoid exploring the
whole search space of itemsets, and thus to improve efficiency of algorithms
for mining periodic itemsets.

3 Periodic High Utility Itemset Mining

Though discovering periodic frequent itemsets is useful and can reveal inter-
esting patterns in data [3], it has two important limitations inherited from
frequent itemset mining [1, 24, 40, 79]. They are that (1) an item cannot
appear more than once in each transaction and (2) all items are considered
to have the same importance. However, these assumptions are not true for
several applications. For instance, in the context of customer transaction data
analysis, a client may buy more than one bottle of milk in a transaction and
some items may be viewed as more important than others because their sale
yield a higher profit. Ignoring this information may lead to finding many
uninteresting patterns (e.g. patterns that yield a low profit for a store).

To find patterns that have a high importance (e.g. a high profit) rather
than only frequent patterns, the problem of frequent itemset mining was gen-
eralized as high utility itemset mining [27]. Then, inspired by this, frequent
periodic itemset mining was generalized as periodic high utility itemset min-
ing [23]. The next subsection first briefly reviews concepts from high utility
itemset mining and presents the problem of periodic high utility itemset min-
ing that is a generalization of periodic frequent itemset mining. Then, the
next subection presents an efficient algorithm, named PHM (Periodic High
utility itemset Miner) [23].

3.1 The Problem

The input data in high utility itemset mining is a quantiative transaction
database, and the goal is to find high utility itemsets (itemsets that have
a high importance such as that yield a high profit) [27]. The concept of
quantitative transaction database is defined next.

Definition 8 (Quantitative transaction database) A quantitative trans-
action database s (also called sequence of quantitative transactions) is a
transaction database where a positive number p(i) named external utility is
given for each item i, which represents its relative importance in the database.
Moreover, a positive number q(i, Tc) called internal utility is provided to in-
dicate the importance of each item i in each transaction Tc.

Example 8 Table 2 lists seven transactions of a quantitative transaction
database that are the transactions made by a customer over time. There are
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five items I = {a, b, c, d, e}. In each transaction, the relative importantce of
each item represents its purchase quantity. For example, in transaction T6,
2 units of item a is purchased (q(a, T5) = 2), 6 units of item c is purchased
(q(c, T5) = 6), and 2 units of item e is purchased (q(e, T5) = 2). The relative
importance of items (the external utility) is given in the last line of Table 2.
For instance, it is indicated that selling one unit of item d yields a profit of
p(d) =2$ while the sale of a unit of a gives a p(a) = 5$ profit.

Table 2: A quantitative transaction database

Transaction ID Quantitative transaction
T1 (a, 1), (c, 1)
T2 (e, 1)
T3 (a, 1), (b, 5), (c, 1), (d, 3), (e, 1)
T4 (b, 4), (c, 3), (d, 3), (e, 1)
T5 (a, 1), (c, 1), (d, 1)
T6 (a, 2), (c, 6), (e, 2)
T7 (b, 2), (c, 2), (e, 1)
External utility values of items

p(a) = 5, p(b) = 2, p(c) = 1, p(d) = 2, p(e) = 3

Transactions in a quantitative transaction database can be ordered by time
or according to other criteria, and may represent shopping data or other
types of symbolic data. In the case where all external utility values and
internal utility values are either 0 or 1, a quantitative transaction database
is a transaction database, as defined in the previous section.

In high utility itemset mining, patterns are selected based on their utility
(e.g. importance or profit), an evaluation function defined as follows.

Definition 9 (Utility of items and itemset) Let there be a transaction
T , an itemset X, and an item i. The utility of i in T is the product of its
internal and external utility, that is u(i, T ) = p(i) × q(i, T ). For an itemset
X ⊆ T , the utility of X in T is the sum of the product of the internal and
external utility of each item in X, that is : u(X,T ) =

∑
i∈X u(i, T ). For an

itemset X 6⊆ T , the utility of X in T is 0, that is u(X,T ) = 0. The utility of
X in the input database s is the sum of its utility for all transactions that is:
u(X) =

∑
X⊆T∈D u(X,T ).

Example 9 For the database of Table 2, the utility of b in T7 is u(b, T7) =
q(b, T7)×p(b) = 2×2 = 4. The utility of c in T7 is u(c, T7) = q(c, T7)×p(c) =
2 × 1 = 2. The utility of {b, c} in T7 is u({b, c}, T7) = u(b, T7) + u(c, T7) =
4 + 2 = 6. The utility of {b, c} in the database is u({b, c}) = u({b, c}, T3) +
u({b, c}, T4) + u({b, c}, T7) = (10 + 1) + (8 + 3) + (4 + 2) = 28.

In the problem of high utility itemset mining, the goal is to find all high
utility itemsets. The problem is defined as follows.
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Definition 10 (High utility itemset mining) Let there be an itemset
X, a database s and a minimum utility threshold minUtil set by the user
(a positive number. If u(X) ≥ minUtil then X is a high utility itemset.
Otherwise, it is a low utility itemset. The goal of high utility itemset mining
is to find all high utility itemsets.

Example 10 Continuing the running example, assume that minUtil = 35.
Then, there are three high utility itemsets, which are {b, c, d, e} with a utility
of 40, {b, c, e} with a utility of 37, and {b, d, e} with a utility of 36.

To find high utility itemsets, several efficient algorithms have been de-
signed such as Two-phase [50], HUP-Growth [48], FHM [30], ULB-Miner [14],
mHUIMiner [58], EFIM [81], and HUI-Miner [49]. A good overview of tech-
niques and algorithms for high utility itemset mining can be found in a recent
survey [27].

The concept of high utility itemset has combined with that of periodic
patterns to find patterns that are not only periodic but also have a high
importance (yield a large profit). This problem, called periodic high utility
itemset mining [23] is defined as follows.

Definition 11 (Periodic high utility itemset mining) An itemset X is
considered to be a periodic high utility itemset (PHUI) if it satisfies four condi-
tions: (1) minAvg ≤ avgper(X) ≤ maxAvg, (2) minper(X) ≥ minPer, (3)
maxper(X) ≤ maxPer, and (4) u(X) ≥ minUtil, where minAvg, maxAvg,
minPer, maxPer and minUtil are positive numbers.

Example 11 Consider again the sequence of Table 2 as example. LetminPer =
1, maxPer = 3, minAvg = 1, maxAvg = 2, and minUtil = 28. The periodic
high utility itemsets discovered in this data are listed in Table 3.

Table 3: The set of PHUIs in the running example

Itemset u(X) sup(X) minper(X) maxper(X) avgper(X)
{b, e} 31 3 1 3 1.75
{b, c, e} 37 3 1 3 1.75
{b, c} 28 3 1 3 1.75
{a, c} 34 4 1 2 1.4

It can be shown that the traditional problem of periodic frequent itemset
mining is a special case of that problem where all internal and external utility
values are set to 0 or 1 and only condition (3) is used.
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3.2 The PHM algorithm

This subsection describes the PHM algorithm to discover all periodic high
utility itemsets in a quantitative transaction database, where transactions
are ordered by time or other criteria. The PHM algorithm is an extension
of the FHM [30] algorithm, a popular, simple and efficient algorithm for
mining high utility itemsets, which is an improved version of the HUI-Miner
algorithm [49].

The search space of periodic high utility itemset mining contains 2|I| − 1
possible itemsets. For instance, in the running example, I = {a, b, c, d, e}.
Hence, there are 2|5| − 1 = 31 possible itemsets such as {a}, {b}, . . . {a, b},
{a, c} . . . {b, c, d}, {b, c, e} . . . {a, b, c, d, e}. A naive algorithm to find all peri-
odic high utility itemsets would scan the database and calculate the utility
and periods of all possible itemsets to find the solution. But this is inefficient
as the search space can be very large. The PHM algorithm adopts a different
approach to avoid looking at all possibilities. The next paragraphs introduce
the key ideas of this algorithm, and then the pseudo-code is presented.

For the purpose of processing, the PHM algorithm supposes that there
exists a total order � on the items from I. This order � can be any order
such as the alphabetical order. This order is used by PHM to search for
itemsets in a systematic way, that is to not look at the same itemset more
than once.

To eliminate many itemsets that are not high utility itemsets from the
search space, PHM uses the Transaction-Weighted Utilization (TWU) mea-
sure, which was proposed by Liu et al. [50].

Definition 12 (Transaction utility, TWU) Let there be an itemset X
and a transaction T . The notation TU(T ) denotes the transaction utility
of transaction T , which is defined as TU(T ) =

∑
x∈T u(x, T ). The nota-

tion TWU(X) denotes the TWU of X, which is defined as TWU(X) =∑
X⊆T∈D) TU(T ).

Example 12 Following the previous example, the transactions T1, T2, . . . T7,
respectively have transaction utility values of 6, 3, 25, 20, 8, 22 and 9. The
TWU of the itemset {b, c} is TWU({b, c}) = TU(T3) + TU(T4) + TU(T7) =
25 + 20 + 9 = 54.

A powerful property for reducing the search space using the TWU is the
following [50].

Theorem 1 (Pruning search space using the TWU)

For an itemset X, if TWU(X) < minUtil, then u(X) < minUtil, and for
any superset Y ⊃ X, we have u(Y ) < minUtil. In other words, both X and
Y are not high utility itemsets and can be ignored.

To be able to calculate the utility and periods of itemsets, the PHM algo-
rithms utilize a structure called utility list [49], which is defined as follows.
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Initially, PHM reads the database to create the utility list of each itemset
containing one item. Then, PHM generates utility lists of larger itemsets by
joining utility lists of smaller itemsets. The advantage of this approach is that
all itemsets can be explored without having to repeatedly read the database.
The utility list structure is defined as follows.

Definition 13 (Utility list) Recall that � is a total order defined on items
in I. Let there be an itemset X an a database s. The utility list of X is
denoted as ul(X) and is defined as a list of tuples where there is a tuple
(tid, iutil, rutil) for each transaction T where X ⊆ T . The iutil element of a
tuple stores the value u(X,T ). The rutil element of a tuple stores the value∑

i∈T∧i�x∀x∈X u(i, T ) called remaining utility.

Example 13 For instance, assume that � is the alphabetical order. The utility
list of {a} contains four tuples: {(T1, 5, 1), T3, 5, 20), (T5, 5, 3), (T6, 10, 12)}.
The utility list of {d} has three tuples: {(T3, 6, 3), (T4, 6, 3), (T5, 2, 0)}. And
the utility list of {a, d} contain two tuples: {(T3, 11, 3), (T5, 7, 0)}.

The utility lists of itemsets having single items are constructed by reading
the database. For itemsets having more than one item, the following join
operation is used to build the utility list [49]. Let there be two items x � y
such that x, y ∈ I. The utility list of itemset {x, y}, denoted as ul({x, y}) can
be created by adding a tuple (ex.tid, ex.iutil+ey.iutil, ey.rutil) to ul({x, y})
for each pair of tuples ex ∈ ul({x}) and ey ∈ ul({y}) such that ex.tid =
ey.tid. For itemsets containing more than two items, the join operation is
done as follows. Let there be two itemsets P∪{x} and P∪{y} such that x � y
and P ⊂ I. The utility list of itemset P ∪ {x, y}, denoted as ul(P ∪ {x, y})
is created by adding a tuple (ex.tid, ex.iutil+ ey.iutil− ep.iutil, ey.rutil) to
ul(P ∪ {x, y}) for each set of tuples ex ∈ ul({x}), ey ∈ ul({y}), ep ∈ ul(P )
such that ex.tid = ey.tid = ep.tid.

The utility-list of an itemset is useful as it allows to directly obtain its
utility and to reduce the search space. The utility of an itemset X is simply
the sum of the iutil values in ul(X). To reduce the search space using the
utility, the following property is used [49]:

Theorem 2 (Search space reduction with utility list) For an itemset
X, an extension of X is an itemset that is obtained by appending an item y
to X such that y � i, ∀i ∈ X. If the sum of iutil and rutil values in ul(X)
is less than minUtil, X and its extensions are low utility itemsets and can
be ignored.

The utility-list structure can also be used to directly calculate the periods
of an itemset X, and thus determine if it is a periodic itemset. This can be
done by looking at the tid elements of the utility list of X.

Pseudocode. The pseudocode of the main procedure of the PHM al-
gorithm is shown in Algorithm 1. The input is a quantitative transaction
database as well as the five thresholds minUtil, minAvg, maxAvg, minPer
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and maxPer. The algorithm outputs the set of all periodic high utility item-
sets. PHM initially reads the input database to calculate the following values
for each item i ∈ I: sup({i}), TWU({i}), minper({i}) and maxper({i}).
Moreover, PHM calculates γ = (|s|/maxAvg)− 1, which is needed by Prop-
erty 3 to reduce the search space. Afterward, a set of items I∗ is created by
PHM, which contains each item i that has a TWU value that is greater or
equal to minUtil, a maximum periodicity that is no less than maxPer, and
where i appears in at least γ transactions (as per the Property 3). Thereafter,
the total order � on items is established as in the HUI-Miner algorithm [49]
as the order of ascending TWU values and the alphabetical order when two
items have the same TWU. The next action done by PHM is to read the
database again and sort in memory each transaction according to �. At the
same time, a utility-list is built for each item i ∈ I∗. Then, PHM starts to
recursively search for periodic high utility itemsets by calling the Search
procedure with the following parameters: the empty itemset ∅, the set I∗, γ,
minUtil, minAvg, minPer, maxPer and |s|.

Algorithm 1: The PHM algorithm

input : s: a transaction database,
minUtil, minAvg, maxAvg, minPer and maxPer: the thresholds

output: the set of periodic high-utility itemsets

1 Scan s once to calculate TWU({i}), minper({i}), maxper({i}), and |g({i})|
for each item i ∈ I;

2 γ ← (|s|/maxAvg)− 1;
3 I∗ ← each item i such that TWU(i) ≥ minUtil, sup({i}) ≥ γ and

maxper({i}) ≤ maxPer;
4 Establish the total order � on I∗ as that of TWU ascending values;
5 Search (∅, I∗, γ, minUtil, minAvg, minPer, maxPer, |s|);

Algorithm 2 presents the Search procedure. It receives an itemset P , some
extensions of P that have the form Pz (which was obtained by adding an item
z to P ), as well as the original input parameters and the input sequence length
|s|. The first step done by this procedure is to iterate over the extensions
in P . For each such extension Px, the procedure first calculates the average
periodicity of Px as the ratio of |s| to the number of elements in the utility list
of Px plus one. Thereafter, the procedure checks if the following conditions
are met: (1) the average periodicity of Px is no less than minAvg and no
greater than maxAvg, (2) the sum of the iutil values of the utility list of Px
is no less than minUtil (by Theorem 2), and (3) according to the utility list
of Px, the minimum (maximum) periodicity of Px is no less (not greater)
than minPer (maxPer). If these conditions are met, then Px is output as
a periodic high utility itemset. Afterward, if the number of elements in the
utility list of Px is at least γ, the sum of iutil and rutil values in the utility
list of Px is no less than the minimum utility treshold, and maxper(Px) is
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no greater than maxPer, extensions of Px will be considered as potential
periodic high utility itemsets (based on Theorem 2 and Properties 2 and 3).
To explore these extensions, a loop is done where each extension Py of P is
merged with Px to produce a new extension Pxy having |Px|+1 items. The
Construct procedure of FHM [30] is applied to combine the utility-lists of P ,
Px and Py to generate the utility list of Pxy, with some minor modifications.
The difference is that periods are calculated for Pxy while building its utility
list so that maxPer(Pxy) and minPer(Pxy) can be obtained. Then, the
Search procedure is recursively invoked with Px and all extensions of the
form Pxy to explore the search space and find all periodic high utility itemsets
that are transitive extensions of Px.

When the PHM algorithm terminates all periodic high utility itemsets
have been output. This can be demonstrated by observing that the algorithm
can recursively explore the whole search space and only applies Theorem 2,
Properties 2 and 3, to eliminate non periodic high utility itemsets.

Algorithm 2: The Search procedure

input : P : an itemset, ExtensionsOfP: a set of extensions of P , γ, minUtil,
minAvg, minPer, maxPer, |s|

output: the set of periodic high-utility itemsets

1 foreach itemset Px ∈ ExtensionsOfP do
2 avgperPx← |s|/(|Px.utilitylist|+ 1);
3 if SUM(Pxy.utilitylist.iutils) ≥ minUtil∧

minAvg ≤ avgperPx ≤ maxAvg ∧ Px.utilitylist.minp ≥
minPer ∧ Px.utilitylist.maxp ≤ maxPer then output Px;

4 if SUM(Px.utilitylist.iutils)+SUM(Px.utilitylist.rutils) ≥ minUtil ∧
avgperPx ≥ γ and Px.utilitylist.maxp ≤ maxPer then

5 ExtensionsOfPx← ∅;
6 foreach itemset Py ∈ ExtensionsOfP such that y � x do
7 Pxy ← Px ∪ Py;
8 Pxy.utilitylist← Construct (P, Px, Py);
9 ExtensionsOfPx← ExtensionsOfPx ∪ {Pxy};

10 end
11 Search (Px, ExtensionsOfPx, γ, minUtil, minAvg, minPer,

maxPer, |s|);
12 end

13 end

Optimizations. Note that for a fast implementation of PHM, there are
several possible optimizations. Three optimizations proposed in PHM are
called (1) Estimated-Utility Co-occurrence Pruning, (2) Estimated Average
Periodicity Pruning, and (3) Abandoning List Construction early. Details
about these optimizations can be found in the PHM paper [23]. Besides, sev-
eral other optimizations used in other HUI-Miner or FHM-based algorithms
could be integrated into PHM to further enhance its performance such as the
memory-buffering technique of ULB-Miner [14].
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Implementation and datasets. The original Java implementation of
PHM with all optimizations, and datasets are offered in the open-source
SPMF data mining library [25] at http://www.philippe-fournier-viger.
com/spmf/.

4 Irregular High Utility Itemset Mining

The problem of mining periodic high utility itemsets reviewed in the previous
section is interesting as it can reveal itemsets that periodically appear in a
sequence of quantitative transactions and also have a high importance (e.g.
yield a high profit). This section presents a related problem, which is that of
discovering irregular high utility itemsets. Intuitively, an irregular itemset is
an itemset that typically has a long time delay between each of its consecutive
occurrences. The problem of irregular itemset mining [45] is defined as follows.

Definition 14 (Regularity) The regularity of an itemset X in a sequence of
quantitative transactions s, denoted as reg(X), is the smallest period among
the periods in pr(X, s), when the first and last periods are excluded.

Example 14 Consider the sequence s of Table 1 and the itemsets X = {b, c}
and Y = {a, c}. The periods of X in s are pr(X, s) = {3, 1, 3, 0} while that
of Y in s are pr(Y, s) = {1, 2, 2, 1, 1}. Hence, the regularity of X and Y in s
are respectively reg(X) = 1 and reg(Y ) = 1.

Definition 15 (Irregular high utility itemset mining) An itemset X
is considered to be an irregular high utility itemset (IHUI) if it satisfies two
conditions: (1) reg(X) ≥ minReg, and (2) u(X) ≥ minUtil, where minReg
and minUtil are positive numbers.

The PHM irregular Algorithm. The problem of discovering irregular
high utility itemsets can be solved using the PHM algorithm presented in
the previous section by simply setting minPer = minReg, maxPer = ∞,
minAvg = 0 and maxAvg = ∞. The original implementation of that vari-
ation of PHM is called PHM irregular and is available in the open-source
SPMF pattern mining library [25] at http://www.philippe-fournier-viger.
com/spmf/.

5 Other Variations and Research Opportunities

The previous section has presented the basic problem of periodic high utility
itemset mining and the variation of irregular high utility itemset mining.
Some other variations have been proposed such as (1) mining periodic high
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utility sequential patterns [9, 11–13, 46, 47, 59, 60] where each transaction is a
quantitative sequence, (2) productive-associated periodic high utility itemsets
mining [41], where a statistical test is used to filter spurious patterns, and (3)
partial periodic high utility itemsets [63], which utilizes a different measure
of periodicity.

There are several possibilities for future work. A few of them are:

• Designing faster and more memory-efficient algorithms for periodic high
utility itemset mining by taking advantage of the numerous work on high
utility itemset mining [27], or other optimizations in periodic itemset min-
ing such as approximate periodicity calculations [5].

• Proposing new problems by drawing inspiration from variations of the high
utility itemset mining problem such as considering multiple minimum util-
ity thresholds [64], using the average utility function [68], discovering the
top-k high itemsets having the highest utility [15, 66], mining high utility
itemsets in a stream or incrementally updated data [77, 78], discovering
on-shelf high utility itemsets [37], finding a summary of all high utility
itemsets [29], and considering negative utility values [17].

• Using different measures of periodicity or other measures related to time
such as the stability [28, 33].

• Applying periodic high utility itemset mining in new applications such as
for smart homes [53], intelligent systems [43], location prediction [71] and
sequence prediction [38].

• Designing measures to find periodic high utility itemsets common to mul-
tiple sequences similarly to studies on mining periodic patterns common
to multiple sequences [21, 31],

• Integrating various correlation measures in the mining process to filter
spurious patterns besides the one that was used in productive-associated
periodic high utility itemset mining [41], such as the bond [22, 36, 57, 76],
affinity [2], all-confidence [57, 70], coherence and mean [7, 67].

• Combining the concept of high utility periodic patterns with other con-
cepts such as episode patterns [6, 34, 35], subgraphs [18, 19, 39, 42], se-
quential patterns [20, 26, 69, 74, 75], trajectory patterns [80], and periodic
patterns with gap constraints [72, 73], and clustering [8, 10, 51].

6 Conclusion

This chapter has presented an overview of how to discover periodic and ir-
regular high utility itemsets in a sequence of quantitative transactions (also
called a transaction database). The problems have been described and two
algorithms have been explained, namely PHM and PHM irregular. There are
several possible research opportunities on this topic. Some of them have been
listed in this chapter.
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