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ABSTRACT
Correlated pattern mining has become increasingly an im-
portant task in data mining and knowledge discovery. In
practice, the exploitation of correlated patterns is hampered
by the high number of the generated patterns. Thus, the in-
tegration of the constraint of frequency with the constraint
of correlation has been proved to be very interesting by min-
ing Frequent correlated patterns [2, 14] and Rare correlated
patterns [4, 3]. In this situation, the main task concerns the
manipulation of the constraints of correlation and of fre-
quency. One way to deal with this issue is to mine all the
correlated patterns and then to filter by the constraint of fre-
quency. However, this filtering is done as a post-processing
phase and it suffers from the important number of patterns
and loses the opportunity to exploit the selectivity power of
both constraints.

In this paper, we introduce an approach that puts the fo-
cus on mining rare correlated patterns according to the bond
measure. We were based on the simultaneous integration of
the anti-monotone constraint of correlation and the mono-
tone constraint of rarity during the mining process. Our
experimental studies shows an important benefit when early
pushing the constraints of distinct types. We also flag out
better performances than the Gmjp approach [3] which also
dealt with both types of constraints.

Categories and Subject Descriptors
H.4 [Interesting Pattern Extraction]: Constraint Data
Mining

General Terms
Algorithms, Experimentation, Verification

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
SAC’15 April 13-17, 2015, Salamanca, Spain.
Copyright 2015 ACM 978-1-4503-3196-8/15/04$15.00.
http://dx.doi.org/10.1145/2695664.2695802

Keywords
Correlated pattern, bond measure, monotone, anti-monotone,
constraint

1. INTRODUCTION AND MOTIVATIONS
Correlated item set mining is at the core of numerous data

mining tasks. The enormous research efforts dedicated to
this topic have led to a variety of sophisticated approaches
[1, 10, 11]. Thus, a variety of correlation measures were
proposed and studied. In this regard, frequent correlated
itemset mining was then shown to be an attractive research
field. Since its inception, this key task grasped the interest
of many researchers since it meets the needs of experts in
several application fields [2], such as market basket study
[5]. Nevertheless, the application of these correlated fre-
quent patterns may not be a very attractive solution for
some other applications, e.g., detection of rare diseases from
medical data, intrusion detection, to cite but a few [13]. Re-
cently, the authors in [3] proposed a generic approach, called
Gmjp, managing with both frequent correlated and rare cor-
related patterns according to the bond measure.

In this work, we propose a significant improvement of the
performance of the Gmjp approach. Indeed, we study the
challenging problem of constraints integration from another
perspective. We are mainly based on a simultaneous pushing
of both constraints in an early stages of the mining process.

The remainder of the paper is organised as follows. The
problem statement is presented in Section 2. Section 3
presents the related works. Section 4 is dedicated to pre-
senting the relevant types of constraints monotone, and anti-
monotone besides to the properties of the set of the desired
mined patterns. In Section 5, we present our new Cori ap-
proach based on a depth traversal of the itemsets lattice. In
addition, we pay attention to the way to push simultane-
ously both monotone and anti-monotone constraints. Our
experimental results are discussed in Section 6. Finally, the
last Section concludes the paper and points out avenues of
future work.

2. PROBLEM STATEMENT
The problem of mining association rules was initially ap-

plied to market basket analysis [5]. This problem consists
in finding interesting associations among items and itemsets
from transactional dataset. Formally, we define a dataset.
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Table 1: An example of a dataset D.

A B C D E

1 × × ×
2 × × ×
3 × × × ×
4 × ×
5 × × × ×

Definition 1. (Dataset) A dataset is a triplet D = (T ,
I, R) where T and I are, respectively, a finite set of transac-
tions and items, and R ⊆ T ×I is a binary relation between
the transaction set and the item set. A couple (t, i) ∈ R
denotes that the transaction t ∈ T contains the item i ∈ I.

In this work, we are mainly interested in itemsets as a class
of patterns. The two main kinds of support a pattern can
have are defined as follows, for any non-empty pattern I :
- Conjunctive support: Supp(∧I) = | {t ∈ T | (∀ i ∈
I, (t, i) ∈ R)} |
- Disjunctive support: Supp(∨I) = | {t ∈ T | (∃ i ∈
I, (t, i) ∈ R)} | An itemset I is frequent if its support
Supp(I) is above a user-defined minimum support thresh-
old minsupp, otherwise the itemset I is said to be infrequent
or rare. The task of generating association rules from fre-
quent patterns suffers from the sheer number of those rules.
Thus, with a very large number of rules, the exploitation of
the conveyed knowledge becomes a difficult task. To solve
this problem, different measures of correlation have been
proposed to filter the extracted patterns and thus reduce
the discovered rules. In our work, we are interested in the
bond measure.

The bond correlation measure [9] is mathematically equiv-
alent to Jaccard. It was also used in many works under var-
ious names like extended Jaccard measure, coherence, Tani-
moto coefficient. It was redefined in [2] as:

bond(I) =
Supp( ∧ I)
Supp( ∨ I)

The set of correlated patterns associated with the bond mea-
sure is defined as follows.

Definition 2. (Correlated patterns) Considering a min-
imum correlation threshold minbond, the set CP of correlated
patterns is equal to: CP = {I ⊆ I| bond(I) ≥ minbond} (1).

The bond measure takes its values within the interval [0, 1].
While considering the universe of a pattern I , i.e., the set of
transactions containing a non empty subset of I , the bond
measure represents the simultaneous occurrence rate of the
items of the pattern I in its universe. Thus, the more the
items of I are dependent on each other, (i.e. strongly cor-
related), the higher the value of the bond measure is, since
Supp(∧I) would be closer to Supp(∨I).

3. RELATED WORK
The problem of mining correlated patterns was thoroughly

studied in various works in the literature. The bond measure

1We refer in the rest of the paper to the minimum sup-
port threshold by minsupp and to the minimum correlation
threshold by minbond.

was studied in [8], where the authors proposed an apriori-
like algorithm for mining classification rules. Moreover, the
authors in [10] proposed a generic approach for correlated
patterns mining. Indeed, the bond correlation measure and
eleven other correlation measures were used, all of them fulfil
the anti-monotonicity property. Correlated patterns mining
was then shown to be more complex and more informative
than frequent patterns mining [10]. Also, in [12], a study of
different properties of interesting measures was carried out
in order to suggest a set of the most adequate properties to
consider while mining rare associations rules. However, it is
important to highlight that the extraction of rare correlated
patterns was not carried out in [10] nor in [12].

Recently, the authors in [4] proposed a concise exact rep-
resentation of the set of rare correlated patterns. As we
also previously mentioned, in [3] the authors proposed the
Gmjp approach allowing the extraction of both frequent cor-
related patterns, rare correlated patterns and their associ-
ated concise representations. Another correlation measure,
All-Confidence, was also studied in [7] where the authors
proposed an algorithm allowing the extraction of frequent
correlated patterns. The authors dressed the problem of
the minsupp threshold fixing. In fact, a very low minsupp
value, allow to extract long itemsets. In turn, this can lead
to a combinatorial explosion of the number of the generated
correlated frequent itemsets.

4. THE CHALLENGE
We are motivated in this work, to build a smart link be-

tween correlation mining and frequency mining. Our idea is
based on the treatment of the bond correlation measure. Our
choice of this measure is justified by the theoretical frame-
work presented in [9], in addition to the structural study
that was done in [10].

While integrating the frequency constraint with the cor-
relation constraint, we can distinguish between two sets of
correlated patterns, which are the ”Frequent correlated pat-
terns” set and the ”Rare correlated patterns” set. In the
following, we present the category of constraints fulfilled by
these two previous sets.

4.1 Categories of constraints
We begin by defining monotone and anti-monotone con-

straints.

Definition 3. (Anti-Monotone constraint ) Let Amc

be a constraint,
• Amc is anti-monotone : if ∀ I ⊆ I, ∀ I1 ⊆ I: I fulfils

Amc ⇒ I1 fulfils Amc

Definition 4. (Monotone constraint ) Let Mc be a
constraint,

• Mc is monotone : if ∀ I ⊆ I, ∀ I1 ⊇ I: I fulfils Mc ⇒
I1 fulfils Mc

The constraint of rarity is a monotone constraint, i.e., ∀
I , I1 ⊆ I, if I1 ⊇ I and Supp (∧I) < minsupp, then Supp
(∧I1) < minsupp since Supp(∧I1) ≤ Supp (∧I). Thus, it
induces an order filter [6] on the set of all the subsets of I,
P(I). Worth of mention that the frequency constraint is an
anti-monotone constraint and it induces an order ideal [6] in
the itemset lattice. Furthermore, the correlation constraint
induced by the bond measure fulfils an anti-monotone con-
straint. Thus, it induces an order ideal in the itemset lattice.
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In what follows, we carry out a detailed study of the two
sets of frequent correlated and rare correlated patterns.

4.2 Properties of the correlated patterns
We start by defining the set of frequent correlated pat-

terns:

Definition 5. (Frequent correlated patterns) [2] The
set FCP of frequent correlated patterns is equal to: FCP =
{I ⊆ I | Supp(∧I) ≥ minsupp and bond(I) ≥ minbond}.

Definition 6. (Rare correlated patterns) [4] The RCP
set of rare correlated patterns is equal to: RCP = {I ⊆ I |
Supp(∧I) < minsupp and bond(I) ≥ minbond}.

In fact, the FCP set of frequent correlated patterns corre-
sponds to the conjunction of two anti-monotonic constraints
which are the correlation constraint and the frequency con-
straint. Thus, the FCP respect an anti-monotone constraint
and induces an order ideal in the itemset lattice. However,
the RCP set of rare correlated patterns corresponds to the
conjunction of two constraints of distinct types, which are
the anti-monotone constraint of correlation and the mono-
tone constraint of rarity. Thus, the RCP do not fulfil an
anti-monotone constraint nor a monotone one. Therefore,
the localization of these rare correlated patterns is much
more complex than the localization of theories correspond-
ing to constraints of the same nature

The RCP set is depicted by Figure 1. The support shown
at the top left of each frame represents the conjunctive sup-
port. As shown in Figure 1, the rare correlated patterns are
localized below the border shown in red of the anti-monotone
constraint of correlation, and over the border shown in black
of the monotone constraint of rarity. We present, in the next
section, our new Cori algorithm (2).

5. OUR CONTRIBUTION
We introduce in this section the Cori approach which

allows the extraction of the RCP set of rare correlated pat-
terns. This latter results from the conjunction of the anti-
monotone constraint of correlation and the monotone con-
straint of rarity. Thus, the important question is how to ef-
ficiently integrate these two types of constraints within the
mining process ? Our strategy proposed within the Cori
algorithm consists in three main steps:

1. Step 1: Reduction of the initial dataset (cf.
Line 1 of Algorithm 1 )
Initially, the dataset is scanned once to build the new
transformed dataset and to construct an in-memory
structure. In fact, we assign to each item a bitset,
each column of this bitset indicates the presence or
the absence of the item in a specified transaction. For
example, if the third column of this list contains 0,
then the item I is not present in the third transaction.
Our choice of bitsets is owe to the fact that each a bit-
set is a container that can store a huge number of bits
while optimizing the memory consumption [3] (For ex-
ample, 32 elements are stored in a memory block of 4
bytes). Each block of memory is treated in just one
CPU operation by a 32 bits processor.

2Cori stands for Correlated Rare Itemset.

Algorithm 1: Cori

Data:

1. A dataset D.

2. A minimal correlation threshold minbond of the
anti-monotone constraint.

3. A minimal conjunctive support threshold minsupp of the
monotone constraint.

Result: The RCP set of rare correlated patterns.
1 begin

1. Scan the dataset D once to build the transformed dataset
D∗

2. Initialization of the tree-data structure

(a) Computing the conjunctive support of the items and
sorting them in an ascendant order of their support
value.

(b) Rare items are printed in the output result set.

(c) The sorted items are added to the tree structure.

3. Recursive processing of each item in order to extract the
rare correlated itemsets

4. Memory liberation

5. return RCP

2 end

The examples of the bitsets associated with item A

and to item C are illustrated in Figure 2 while the new
transformed dataset associated with the dataset D (cf.
Table 1), is given in Table 2.

2. Step 2: Initialization of the tree-data structure
We begin by computing the conjunctive support of the
items using their associated bitsets (cf. Figure 2 where
BSVector stands for bitset vector). The items are then
sorted in an ascending order of their support. All the
items are evaluated according to the monotone con-
straint of rarity: The rare items are printed to the
output set while frequent ones are not pruned but they
are maintained. All the items are added to the nodes
of the first level of our tree structure.

3. Step 3: Solving recursively the mining problem
This third step is the main core of our algorithm. Our
idea consists in dividing our mining problem into sub-
problems. For each item I, a sub-tree is constructed
and a depth-first traversal is therefore performed. The
candidates of size n are generated by building intersec-
tion of itemsets of size n− 1. They are then evaluated
as follows:

• Evaluation of the monotone constraint of
rarity: if the candidate is rare, then its correla-
tion value is computed. We have to distinguish
two possible cases: The anti-monotone con-
straint of correlation is satisfied, then it is
added to the result set. If the candidate is not
correlated, then all its superset will not be corre-
lated according to the monotonicity property of
the non-correlation constraint. In this case, all
the associated sub-tree is pruned.

• If the candidate does not fulfil the monotone con-
straint of rarity, then it wont be pruned. In fact, a
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Figure 1: Localization of the RCP set of rare correlated patterns for the context D for minsupp = 4 and
minbond = 0.2.

Table 2: The transformed dataset D∗ associated with
the dataset D.

T1 T2 T3 T4 T5

A 1 0 1 0 1
B 0 1 1 1 1
C 1 1 1 0 1
D 1 0 0 0 0
E 0 1 1 1 1

frequent pattern can have rare supersets. In this
case, the candidate is maintained and we continue
to develop its sub-tree.

This generation and evaluation process is continued,
the dedicated procedure is recursively called while there
is a number of candidates to be generated. Finally, the
used memory is liberated.

The example, shown in Figure 3, illustrates how Cori works.
The tree is made from five sorted items, D, A, B, C, and E,
with their supports 1, 3, 4, 4 and 4 respectively. We begin by
the node containing the item with the lowest support: which
is D. The anti-monotone constraint ’Amc‘ is having the bond
value ≥ 0.20 and the monotone constraint ’Mc‘ is having the
conjunctive support < 4. Intersecting D with A, B, C, and E

produces DA, DB, DC and DE. The candidates DB and DE are
pruned since they have null support. Thus, their supersets
will have null support values. The candidates DA and DC are
rare correlated. Thus, they both pass constraints Amc and
Mc. Their intersection produces DAC with a support value

equal to 1 and bond value equal to
1

4
, which also fulfils both

constraints. The rare correlated itemsets are added to the
output set and the D-sub-tree is deleted from our tree. The
A-sub-tree, B-sub-tree, C-sub-tree and E-sub-tree are built

Figure 2: An example of conjunctive and disjunctive
supports computing using the bitsets.

successively. The same process is recursively repeated until
there’s no more candidates to be generated and evaluated.

Finally, the obtained result set is composed by: (D, 1,
1

1
),

(A, 3,
3

3
), (AB, 2,

2

5
), (AC, 3,

3

4
), (AE, 2,

2

5
), (BC, 3,

3

5
), (CE, 3,

3

5
), (DA, 1,

1

3
), (DC, 1,

1

4
), (ABC, 2,

2

5
),

(ABE, 2,
2

5
), (ACE, 3,

3

4
), (BCE, 3,

3

5
), (DAC, 1,

1

4
),

and (ABCE, 2,
2

5
).

6. PERFORMANCE EVALUATION
To evaluate our Cori algorithm, we conducted a set of

experiments with dense and sparse datasets of varying size
(3). We compared our algorithm with Gmjp [3] while run-

3Available at http://fimi.cs.helsinki.fi/data and at
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Figure 3: Building the tree while pushing Amc and Mc.

ning to extract the RCP set. Our experiments were carried
out on a PC equipped with a 2.40 GHz Intel Core TM i3
processor and 2.92 GB of main memory, running the Linux
Ubuntu 10.04. Scalability is an important criteria for con-
strained itemset mining approaches. Our Cori algorithm
demonstrates good scalability versus increasing datasets size
according to two dimensions: the number of transactions |T |
and the number of items |I|. While Gmjp reached a point
where it consumed little meadows seven times more CPU-
time than Cori. Table 3 reported our results, running times
were averaged over 5 executions. As example, while testing
theMushroom dataset containing 8, 124 transactions, Cori
finishes in 0.432 seconds while Gmjp needs 11 seconds. As
another experiment example, we tested also on Accidents
with 340, 183 transactions and 468 items. Cori finishes in
47.617 seconds while Gmjp needs 793 seconds. Gmjp fin-
ished the Mushroom dataset with about 8K transactions
in 20 seconds while Cori finished in 0.278s, 52.591s and
47.617s for the 8K, 100K and 340K transactions datasets,
respectively.

We highlight that the obtained results, for the different
datasets, are very encouraging. Our designed Cori algo-
rithm outperformed Gmjp in the different evaluated bases.
This is dedicated to the efficient integration of the mono-
tone and anti-monotone constraints in an early stages of the
mining process.

Our aim in our second series of experiments is to evalu-
ate the impact of varying the thresholds of both constraints
Amc and Mc. Table 4 presents the results obtained when
varying the correlation threshold minbond for a fixed min-
supp threshold. In this experiment, we found that for the
Mushroom dataset, the minbond threshold was chosen to
be increasingly selective, from 0.2 to the highest value, equal
to 1. This variation affects very slightly the CPU-time and
the memory consumption, while the size of the output set
drastically decreases from 54, 395 to 126 itemsets. For the

http://archive.ics.uci.edu/ml.

Chess dataset, the size of RCP set and the CPU-time are
very sensitive to the minbond variation. For example, a
slight variation of minbond from 0.40 to 0.45 induces an im-
portant decrease of the RCP set from 5167, 090 to 1560,
073 itemsets. The CPU-time is also lowered from 40.124
to 0.451 seconds when minbond decrease from 0.4 to 0.5.
Whereas, for the T40I10D100K dataset, the variation of
minsupp from 2% to 15% induces an increase in the CPU-
time of the second and third steps from 60.09 to 79.49 sec-
onds. The size of the output result also increase from 341
to 932 itemsets.

7. CONCLUSION
We proposed, in this paper, the Cori algorithm to mine

the set of rare correlated patterns according to the bond
measure. The key core of our work was the intelligent in-
tegration of the two paradigms of monotonicity and anti-
monotonicity. The Cori algorithm, it uses a tree structure
with a specific node structure and an optimized construction
and pruning strategies. Two main features constitute the
thrust of Cori algorithm: (i) only one scan of the database
is performed to build the new transformed dataset. This
latter helps to optimize the time and the space needed for
supports computing; (ii) it offers a resolution of the prob-
lem of handling both rarity and correlation constraints. An
important perspective for future work is the application of
our approach in a real context.
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