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ABSTRACT 
The problem of mining all high utility sequences (ℋ𝒰𝒮) in a 
quantitative sequence database (QSDB) has attracted the attention 
of many researchers. It has many applications such as identifying 
highly profitable purchase patterns of customers in retail stores. 
However, a sequence (pattern) may appear multiple times in the 
same input sequence. To handle this situation, most studies adopt 
an optimistic perspective as they measure the utility of a sequence 
as the maximum utility among its occurrences. As a result, the 
utility of a pattern may seem higher than it actually is. Hence, 
taking business decisions on the basis of a pattern found by 
traditional high utility sequence mining algorithms may be risky. 
To address this issue, this paper proposes to adopt a pessimistic 
model for measuring the utility of patterns, using a novel measure 
called the minimum utility measure (𝑢𝑚𝑖𝑛). Although discovering 
patterns using 𝑢𝑚𝑖𝑛 is desirable to reduce risks for decision-
making, designing an efficient algorithm to find patterns using 
this measure is challenging. The reason is that 𝑢𝑚𝑖𝑛 does not 
satisfy the downward closure property (DCP) generally used to 
reduce the search space in sequence mining. To overcome this 
challenge, two novel upper bounds on 𝑢𝑚𝑖𝑛 are proposed, which 
are tighter than the well-known sequence-weighted utility upper-
bound, and satisfy anti-monotone-like properties that can be 
weaker than the DCP. Based on these properties, two novel depth 
and width pruning strategies are designed to eliminate low utility 
candidate sequences from the search space early. These 
theoretical results are the basis of a novel algorithm named 
EHUSM (Efficient High Utility Sequence Mining) for efficiently 
mining all high utility sequences using 𝑢𝑚𝑖𝑛. Experimental 
studies on both real-life and synthetic QSDBs show that the 
proposed algorithm is efficient in terms of runtime and memory.  
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1 INTRODUCTION 

The problem of frequent sequence mining (FSM) in sequential 
databases consists of discovering sequences that appear 
frequently in a set of sequences. It extends the problem of frequent 
itemset mining in traditional transaction databases by considering 
the sequential ordering of itemsets. Although FSM is popular, it is 
unsuitable for many real-life applications, since patterns 
(sequences) are discovered on the basis of their occurrence 
frequency rather than their utility (importance). Thus, FSM can 
discover numerous frequent sequences that are unimportant to 
the user and miss many important but infrequent sequences.  To 
overcome this limitation of FSM, the problem of high utility 
sequence mining (ℋ𝒰𝒮ℳ) in quantitative sequence databases 
was introduced, where each item is associated with a quantity (e.g. 
a purchase quantity) and a quality that indicates its relative 
importance (e.g. its unit profit). For example, in market basket 
analysis, ℋ𝒰𝒮ℳ consists of discovering sequences representing 
highly profitable sequences of purchases (called high utility 
sequences), which can be used for marketing purposes. ℋ𝒰𝒮ℳ 
also has many other applications such as analyzing web logs [1], 
data from mobile commerce environments [2], gene regulation 
[3], and healthcare activity-cost event logs [4]. ℋ𝒰𝒮ℳ is a 
generalization of FSM, and it is more challenging than FSM due to 
the additional consideration of utility information in sequences 
and the fact that the utility measure is not monotonic nor anti-
monotonic, which makes it unsuitable to reduce the search space 
[5]. For these reasons, in the last decade, many researchers have 
studied this problem [6], [7], [8], [9], [10], [11] as well as its 
extensions [12], [13], [14], [15], [16], [17], [18], [19], [20], [21].  

Related work. In previous work related to ℋ𝒰𝒮ℳ, authors have 
mostly calculated the utility of a sequence using the maximum 
utility measure 𝑢𝑚𝑎𝑥. The 𝑢𝑚𝑎𝑥 value of a sequence 𝛼 in each 
input quantitative sequence 𝛹′ is calculated as the maximum 
utility among those of all occurrences of 𝛼 in 𝛹′. Thus, previous 
studies adopt an optimistic perspective. A key challenge of 
ℋ𝒰𝒮ℳ is that the 𝑢𝑚𝑎𝑥 measure does not satisfy the downward 
closure property (DCP), a powerful property for efficiently 
reducing the search space in FSM. To address this problem, many 
researchers proposed upper bounds (UB) on 𝑢𝑚𝑎𝑥 that restore the 
DCP. The first such UB is the 𝑆𝑊𝑈 (Sequence-Weighted Utility), 
which has been used in several algorithms [5], [7], [8]. It was 
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demonstrated that all super sequences of a sequence having a low 
utility w.r.t. the 𝑆𝑊𝑈 also have a low utility w.r.t. 𝑆𝑊𝑈 and 𝑢𝑚𝑎𝑥. 
This property is used to reduce the search space. However, since 
the 𝑆𝑊𝑈 measure is not a tight UB on 𝑢𝑚𝑎𝑥, the number of 
candidate sequences considered by SWU based algorithms can still 
be very large. To more efficiently reduce the search space, 
different UBs that are tighter than the 𝑆𝑊𝑈 have been proposed, 
and were shown to improve the performance of ℋ𝒰𝒮ℳ [5], [9], 
[13], [11]. More information about these UBs is provided in 
Section 3. 

However, in real-world applications, using an optimistic 
perspective for measuring the utility can be risky. For example, 
consider that investors want to expand a business by opening new 
branches, and that the historical business information about the 
corporation is stored in a QSDB. Using the optimistic approach of 
previous work on ℋ𝒰𝒮ℳ to analyze this database may result in 
taking unnecessary risks. The reason is that the utility of a 
sequence is calculated as the maximum utility among its 
occurrences. Thus, the utility of a pattern (sequence) may seem 
higher than it actually is in most input sequences. In fact, a 
sequential pattern may appear to have a high utility in some input 
quantitative sequences due to occurrences with large purchase 
quantities, while other occurrences of the pattern may have much 
smaller purchase quantities. Thus, measuring the utility of a 
pattern using the maximum utility of its occurrences is 
misleading, as it only provides information based on the largest 
purchase quantities in each input sequence. Hence, using such 
high utility patterns in investment can lead to taking important 
risks as it overestimates the quantities typically purchased by 
customers. To reduce risk, it is often desirable to use a more 
conservative approach by expecting that the minimum amount of 
utility is obtained from each input sequence. This paper thus 
proposes to calculate the utility of a pattern (sequence) using its 
minimum utility in each quantitative sequence (using a novel 
𝑢𝑚𝑖𝑛 measure) instead of its maximum utility (using 𝑢𝑚𝑎𝑥). 

Contributions. The main contributions of this paper are the 
following. The problem of ℋ𝒰𝒮ℳ with the novel 𝑢𝑚𝑖𝑛 measure 
is formalized. Two new UBs named 𝑅𝐵𝑈 and 𝐿𝑅𝑈 on 𝑢𝑚𝑖𝑛 are 
proposed, which are tighter than the traditional 𝑆𝑊𝑈 UB. 
Moreover, two efficient strategies are designed for pruning the 
search space. Based on these strategies, a novel efficient algorithm 
named EHUSM is introduced for mining high utility sequences. 
Finally, an experimental evaluation is conducted on both real-life 
and synthetic QSDBs to assess the runtime and memory 
consumption of the proposed algorithm. 

The rest of this paper is organized as follows. Section 2 
introduces preliminary concepts. Section 3 presents the two novel 
UBs, pruning strategies and algorithm. Section 4 describes the 
experimental evaluation. Finally, Section 6 draws the conclusion. 

2 PRELIMINARY CONCEPTS 

                                                                 
1“iff” means “if and only if”. 

This section introduces fundamental concepts and notations 
related to high utility sequence mining in quantitative sequence 
databases using the novel minimum utility measure 𝑢𝑚𝑖𝑛, and the 
order relation on quantitative sequences and extensions of 
sequences. 

Definition 1 (Quantitative sequence database). Let 𝒜 =  {𝑎1, 𝑎2, 
… , 𝑎𝑀} be a set of distinct items. Each item 𝑎𝑘 ∊ 𝒜, 1 ⩽ 𝑘 ⩽ 𝑀, 
is associated with a positive number called quality 𝑝(𝑎𝑘) which 
represents its relative importance (e.g. unit profit). Item quality 
values are stored in a quality vector 𝑃(𝒜) = (𝑝(𝑎1), 𝑝(𝑎2), …, 
𝑝(𝑎𝑀)). A quantitative item (or briefly 𝑞-item) is a pair (a, q), 
where 𝑎 ∊ 𝒜 and 𝑞 ∊ 𝑅+ is a positive number representing the 
purchase quantity of item 𝑎. A subset 𝐸 of 𝒜, 𝐸 ⊆  𝒜, is called 
an itemset. Without loss of generality, we assume that items in 
itemsets are sorted according to a total order such as the 
lexicographical order ≺. A quantitative itemset (or 𝑞-itemset) 
according to 𝐸 is denoted and defined as 𝐸′ = {(𝑎𝑖 , 𝑞𝑖) | 𝑎𝑖 ∊

𝐸, 𝑞𝑖 ∊ 𝑅+} and 𝐸 is called the projected itemset of 𝐸′, which is 
denoted as 𝐸 =  𝑝𝑟𝑜𝑗(𝐸′). A list of 𝑞-itemsets, 𝐸𝑘

′ , 𝑘 = 1, … , 𝑝, 
where 𝑝 is a positive integer, denoted as 𝛼′ = 𝐸1

′→𝐸2
′ →…→𝐸𝑝

′ , 

is called a 𝑞-sequence. Furthermore, we define 𝛼′[𝑘]  ≝ 𝐸𝑘
′ . The 

projected sequence 𝛼 of a 𝑞-sequence 𝛼′ is defined as 𝛼 = 
𝑝𝑟𝑜𝑗(𝛼′) ≝ 𝑝𝑟𝑜𝑗(𝐸1

′) → 𝑝𝑟𝑜𝑗(𝐸2
′ ) → ⋯ → 𝑝𝑟𝑜𝑗(𝐸𝑝

′ ). Moreover, 
we define 𝛼[𝑘]  ≝  𝑝𝑟𝑜𝑗(𝐸𝑘

′ ). A 𝑞-sequence is a null 𝑞-sequence, 
denoted as <>, if all its itemsets are empty. A quantitative 
sequence database (QSDB) 𝒟′ consists of a finite number of input 
𝑞-sequences, 𝒟′ = {𝛹𝑖

′, 𝑖 = 1, . . . , 𝑁}, and a quality vector 𝑃(𝒜). 
The size of the 𝑞-sequence 𝛼′ is 𝑠𝑖𝑧𝑒(𝛼′) ≝ 𝑝, and its length 
is 𝑙𝑒𝑛𝑔𝑡ℎ(𝛼′) ≝ ∑ |𝑝𝑟𝑜𝑗(𝐸𝑘

′ )|
𝑝
𝑘=1 , where |𝐸| is the number of 

items in itemset 𝐸. 

Table 1: Notation 
Type Representation Example 
Item 

𝑞-item 

Roman letter 
(Roman letter, number) 

a, b, c 
(a, 2), (b, 5)  

Event 

𝑞-Event  

Capitalized roman letter 

Capitalized roman letter followed by ’ 

A, B, C 

A’, B’, C’ 

Sequence 

𝑞-sequence 

Greek letter 

Greek letter followed by prime ’ 

α, β, γ 

α’, β’, γ’ 

Input 𝑞-sequence Capitalized Greek letter followed by ’ 𝛹’, 𝛹𝑖𝑛𝑑𝑒𝑥
′  

For the convenience of the reader, Table 1 summarizes the 
notation used in the rest of this paper to denote (𝑞-) items, (𝑞-) 
events, (𝑞-) sequences and input 𝑞-sequences. 

Let 𝛼′ = 𝐸1
′ → 𝐸2

′ → ⋯ → 𝐸𝑝
′ , 𝛽′ = 𝐹1

′ → 𝐹2
′ → ⋯ → 𝐹𝑞

′ be 
two 𝑞-sequences, and 𝛼 = 𝐸1 → 𝐸2 → ⋯ → 𝐸𝑝, 𝛽 = 𝐹1 → 𝐹2 →

⋯ → 𝐹𝑞 be two arbitrary sequences. 

Definition 2 (Partial order relation ⊑). Consider any two 𝑞-
events 𝐸′ = {(𝑎𝑖1

, 𝑞𝑖1
), … , (𝑎𝑖𝑚

, 𝑞𝑖𝑚
)}, 𝐹′ = {(𝑎𝑗1

, 𝑞𝑗1
), … , (𝑎𝑗𝑛

, 
𝑞𝑗𝑛

)} and 𝑚 ⩽ 𝑛. The q-event 𝐸′ is said to be contained in 𝐹′ and 

denoted as 𝐸′ ⊑ 𝐹′, iff 1 there exist natural numbers 1 ⩽ 𝑘1 <



 

𝑘2 < ⋯ < 𝑘𝑚 ⩽ 𝑛 such that 𝑎𝑖𝑙
= 𝑎𝑗𝑘𝑙

 and 𝑞𝑖𝑙
= 𝑞𝑗𝑘𝑙

, ∀𝑙 =

1, … , 𝑚. Then, 𝛼′ is contained in 𝛽′ and denoted as 𝛼′ ⊑ 𝛽′ (or 
𝛽′ ⊒ 𝛼′) iff 𝑝 ⩽ 𝑞 and there exist 𝑝 positive integers, 1 ⩽ 𝑗1 <

𝑗2 < ⋯ < 𝑗𝑝 ⩽ 𝑞: 𝐸𝑘
′ ⊑ 𝐹𝑗𝑘

′ , 𝑘 = 1, … , 𝑝; and 𝛼′ ⊏ 𝛽′ ⇔ (𝛼′ ⊑

𝛽′  ∧  𝛼′  𝛽′). Similarly, for simplicity, we also use ⊑ to define 
the containment relation over all sequences as follows: 𝛼 ⊑ 𝛽 (or 
𝛽 is a super-sequence of α) ⇔ ∃𝑝 positive integers, 1 ⩽ 𝑗1 < 𝑗2 <

⋯ < 𝑗𝑝 ⩽ 𝑞: 𝐸𝑘 ⊆ 𝐹𝑗𝑘
, 𝑘 = 1, … , 𝑝, and 𝛼 ⊏ 𝛽 ⇔ (𝛼 ⊑ 𝛽 ∧

𝛼  𝛽). The sequence 𝛼 is contained in the 𝑞-sequence 𝛽′, which 
is denoted as 𝛼 ⊑ 𝛽′ (or 𝛽′ ⊒ 𝛼), iff 𝑝𝑟𝑜𝑗(𝛽′) ⊒ 𝛼. Let 𝜌(𝛼) ≝

{𝛹′ ∊ 𝒟′ | 𝛹′ ⊒ 𝛼} denote the set of all input 𝑞-sequences 
containing 𝛼. 

Definition 3 (Utilities of q-elements). The utilities of 𝑞-item (𝑎, 𝑞), 
𝑞-event 𝐸′ = {(𝑎𝑖1

, 𝑞𝑖1
), … , (𝑎𝑖𝑚

, 𝑞𝑖𝑚
)}, 𝑞-sequence 𝛼′ and QSDB 

𝒟′ are respectively defined and denoted as 𝑢((𝑎, 𝑞)) ≝ 𝑝(𝑎) ∗ 𝑞, 
𝑢(𝐸′) ≝ ∑ 𝑢((𝑎𝑖j

, 𝑞𝑖𝑗
))𝑗=1..𝑚 , 𝑢(𝛼′) ≝ ∑ 𝑢(𝐸′𝑖)𝑖=1..𝑝  and 𝑢(𝒟′) 

≝ ∑ 𝑢(𝛹′)𝛹′∊𝒟′ . 

To avoid repeatedly calculating the utility 𝑢 of each 𝑞-item 
(𝑎, 𝑞) in itemsets of all input 𝑞-sequences 𝛹′ ∊ 𝒟′, we calculate 
all utility values, and replace each q-item 𝑞 by 𝑢((𝑎, 𝑞)) = 𝑝(𝑎) ∗

𝑞 in input q-sequences. This results in an equivalent 
representation of the QSDB 𝒟′ that is called the integrated QSDB 
of 𝒟′. For the sake of brevity, it is denoted as 𝒟′. Hereafter, we 
only consider the integrated QSDB 𝒟′. For example, Table 2 shows 
an integrated QSDB 𝒟′, which will be used as running example in 
this paper. 

Table 2: Integrated QSDB 𝓓′ 
ID Input 𝒒-sequence 

𝛹1
′  (a, 2)(c, 5)(e, 6)→(a, 3)(b, 6)→(a, 5)(d, 50)→ 

(a, 5)(b, 9)(c,40)→ (a, 4)(c, 10)(d, 10)(f, 36) 

𝛹2
′   (b, 12)→(a, 2)(c, 20)(e, 6)→(a, 3)(d, 20) 

→(a, 1)(c,20)(d, 10)(f, 9) →(a, 4)(b, 9)(c, 15) 

𝛹3
′   (c, 20)→(a, 4)(c, 10)(e, 4)→(a, 1)(f, 18) 

𝛹4
′  (d, 80)→(a, 7)(c, 50)(e, 6)→(a, 2)(g, 2)→(a, 9)(f, 72) 

Definition 4 (Novel minimum utility measure of a sequence). 
Assume that 𝛼 ⊑ 𝛽′. Let 𝑈(𝛼, 𝛽′) ≝ {𝛼′|𝛼′ ⊑ 𝛽′ ∧ 𝑝𝑟𝑜𝑗(𝛼′)=𝛼} 
be the set of all occurrences 𝛼’ of 𝛼 in 𝛽’. The minimum utility (or 
briefly utility) of 𝛼 in 𝛽′ and in 𝒟′ are denoted and defined 
as 𝑢𝑚𝑖𝑛(𝛼, 𝛽′) ≝ 𝑚𝑖𝑛{𝑢(𝛼′)|𝛼′ ∊ 𝑈(𝛼, 𝛽′)}, and 𝑢𝑚𝑖𝑛(𝛼, 𝒟′) or 
briefly 𝑢𝑚𝑖𝑛(𝛼) ≝ ∑ 𝑢𝑚𝑖𝑛(𝛼, 𝛹′)𝛹′∊𝜌(𝛼) , respectively. 

The sequence 𝛼 is said to be a high utility (HU) sequence if its 
utility in 𝒟′ is not less than a user-defined 𝑚𝑢 threshold, that 
is 𝑢𝑚𝑖𝑛(𝛼) ⩾ 𝑚𝑢. Otherwise, 𝛼 is said to be a low utility (LU) 
sequence. The problem of high utility sequence mining 
(ℋ𝒰𝒮ℳ) with 𝑢𝑚𝑖𝑛 considered in this paper is to discover the 
set ℋ𝒰𝒮 ≝ {𝛼 | 𝑢𝑚𝑖𝑛(𝛼) ⩾ 𝑚𝑢}. 

For example, consider the sequence 𝛼 = 𝑑 → 𝑎𝑐 → 𝑎, (𝛼) =

{𝛹1
′ , 𝛹2

′ , 𝛹4
′}. The sequence 𝛼 first appears in 𝛹4

′ as the sub-𝑞-
sequence 𝛼′ = (𝑑, 80) → (𝑎, 7)(𝑐, 50) → (𝑎, 2) of 𝛹4

′, 𝛼 = 
𝑝𝑟𝑜𝑗(𝛼′) and 𝑢(𝛼′) = 80 + 7 + 50 + 2 = 139. Hence, 𝛼 ⊑ 𝛹4

′, 
𝛼′ ∊ 𝑈(𝛼, 𝛹4

′). Similarly, 𝛼 also appears in 𝛹4
′ as the sub-𝑞-

sequence 𝛼′′ = (𝑑, 80) → (𝑎, 7)(𝑐, 50) → (𝑎, 9) of 𝛹4
′ with the 

utility 𝑢(𝛼′′) = 146. Hence, 𝑈(𝛼, 𝛹4
′) = {𝛼′, 𝛼′′} and 𝑢𝑚𝑖𝑛 

(𝛼, 𝛹4
′) = 𝑚𝑖𝑛{𝑢(𝛼′), 𝑢(𝛼′′)} = 139. In the same way, we also 

have 𝑢𝑚𝑖𝑛(𝛼, 𝛹1
′) = 99, 𝑢𝑚𝑖𝑛(𝛼, 𝛹2

′ ) = 45. Thus, 𝑢𝑚𝑖𝑛(𝛼) =

𝑢𝑚𝑖𝑛(𝛼, 𝛹1
′) + 𝑢𝑚𝑖𝑛(𝛼, 𝛹2

′ ) + 𝑢𝑚𝑖𝑛(𝛼, 𝛹4
′) = 99 + 45 + 139 =

283. For the running example and 𝑚𝑢 = 350, since 𝛽 = 𝑑 → 𝑎𝑐 
→ 𝑎𝑓 with 𝑢𝑚𝑖𝑛(𝛽)=353 > 𝑚𝑢 is the unique HU sequence, thus 
ℋ𝒰𝒮 = {𝛽}. 

Definition 5 (i-extension and s-extension of a sequence). The 𝑖-

extension (or 𝑠-extension) of 𝛼 and 𝛽 is defined and denoted 
as 𝛼 ⋄𝑖 𝛽 ≝ 𝐸1 → 𝐸2 → ⋯ → (𝐸𝑝 ∪ 𝐹1) → 𝐹2 → ⋯ → 𝐹𝑞 , where 𝑎 
≺ 𝑏, ∀𝑎 ∊ 𝐸𝑝, ∀𝑏 ∊ 𝐹1 (or 𝛼 ⋄𝑠 𝛽 ≝ 𝐸1 → 𝐸2 → ⋯ → 𝐸𝑝 → 𝐹1 →

𝐹2 → ⋯ → 𝐹𝑞 , respectively). The 𝑖-extension (or 𝑠-extension) of 𝛼 
and 𝛽 is defined and denoted as 𝛼 ⋄𝑖 𝛽 ≝ 𝐸1 → 𝐸2 → ⋯ → (𝐸𝑝 ∪

𝐹1) → 𝐹2 → ⋯ → 𝐹𝑞 , where 𝑎 ≺ 𝑏, ∀𝑎 ∊ 𝐸𝑝, ∀𝑏 ∊ 𝐹1 (or 𝛼 ⋄𝑠 𝛽 ≝

𝐸1 → 𝐸2 → ⋯ → 𝐸𝑝 → 𝐹1 → 𝐹2 → ⋯ → 𝐹𝑞, respectively). A 

forward extension (or briefly extension) of 𝛼 with 𝛽, denoted 
as 𝛾 = 𝛼 ⋄ 𝛽, can be either 𝛼 ⋄𝑖 𝛽 or 𝛼 ⋄𝑠 𝛽. In that case, 𝛼 is said 
to be a prefix of 𝛾. To mine sequences, the search space of 
candidate sequences can be viewed as a prefix tree, which consists 
of the null sequence as its root, and where each node represents a 
candidate sequence, and each child node of a node is its extension. 
In the following, 𝑏𝑟𝑎𝑛𝑐ℎ(𝛼) denotes the set consisting of 𝛼 and 
all its (forward) extensions. 

Beside, any sequence 𝛽 = 𝛼 ⋄ 𝑦 where 𝛼 is a non-null prefix, 
can be extended in a backward manner using a sequence ε. The 
sequence 𝛾 = 𝛼 ⋄ 휀 ⋄ 𝑦 such that 𝛾 ⊒ 𝛽 is called a backward 
extension of 𝛽 (by 휀 w.r.t. the last item 𝑦 = 𝑙𝑎𝑠𝑡𝐼𝑡𝑒𝑚(𝛽)). 

For instance, the sequence 𝛼 = 𝑏𝑒, 𝑏𝑟𝑎𝑛𝑐ℎ(𝛼) consists of 
sequence 𝛼 and its forward extensions 𝑏𝑒 → 휀, 𝑏𝑒𝑓 → 휀, 𝑏𝑒𝑔 →

휀, and 𝑏𝑒𝑓𝑔 → 휀, ∀휀 (including <>). For 𝛽 = 𝑏𝑒, the backward 
extensions of 𝛽 are 𝑏𝑐𝑒, 𝑏𝑑𝑒, 𝑏𝑐𝑑𝑒, and backward extensions 
of 𝑏 → 𝑒 are sequences 𝑏𝐶 → 휀 → 𝑒, ∀𝐶 ⊆ 𝑐𝑑𝑒𝑓𝑔 (e.g. 𝑏𝑐 → 휀 →

𝑒, 𝑏𝑐𝑑𝑒𝑓𝑔 → 휀 → 𝑒) and 𝑏 → 휀 → 𝐷𝑒, ∀𝐷 ⊆ 𝑎𝑏𝑐𝑑 (e.g. 𝑏 → 휀 →

𝑎𝑐𝑒, 𝑏 → 휀 → 𝑎𝑏𝑑𝑒).  
A main challenge of ℋ𝒰𝒮ℳ with 𝑢𝑚𝑖𝑛is that the 𝑢𝑚𝑖𝑛 

measure is neither monotonic nor anti-monotonic, i.e. ∃𝛽 ⊐ 𝛼 
and 𝛾 ⊏ 𝛿: 𝑢𝑚𝑖𝑛(𝛽) > 𝑢𝑚𝑖𝑛(𝛼) and 𝑢𝑚𝑖𝑛(𝛾) > 𝑢𝑚𝑖𝑛(𝛿). Thus, 
the DCP does not hold for 𝑢𝑚𝑖𝑛. The DCP is a strong property 
used in FSM for efficiently pruning unpromising branches of the 
prefix tree (the search space). Indeed, for 𝛼 = 𝑎𝑐𝑒 → 𝑎 → 𝑓, 𝛽 =

𝑎𝑐𝑒 → 𝑎 → 𝑎𝑓 and 𝛿 = 𝑎𝑐𝑒 → 𝑎 → 𝑎 → 𝑓, then 𝛿 ⊐ 𝛼 ⊏ 𝛽, 
𝑢𝑚𝑖𝑛(𝛽) = 243 > 𝑢𝑚𝑖𝑛(𝛼) = 229 > 𝑢𝑚𝑖𝑛(𝛿) = 57. To address 
this problem, upper bounds on 𝑢𝑚𝑖𝑛 satisfying anti-monotone-
like properties that may be weaker than the DCP are proposed in 
the next section. 

3 THE PROPOSED UPPER BOUNDS, 
PRUNING STRATEGIES AND ALGORITHM  

3.1 Two Upper Bounds on 𝒖𝒎𝒊𝒏 



Before presenting the two proposed upper bounds on 𝑢𝑚𝑖𝑛, we 
introduce the concept of ending and remaining 𝑞-sequence of a 
sequence in a 𝑞-sequence. Assume that𝛼′ ⊑ 𝛹′ and 𝛼 =

𝑝𝑟𝑜𝑗(𝛼′) ⊑ 𝛹′, where 𝛹′ = 𝐹1
′ → 𝐹2

′ → ⋯ → 𝐹𝑞
′ ∊ 𝒟′, i.e. there 

exist 𝑝 integers, 1 ⩽ 𝑖1 < 𝑖2 < ⋯ < 𝑖𝑝 ⩽ 𝑞: 𝐸𝑘
′ ⊑ 𝐹𝑖𝑘

′  and 𝐸𝑘 =

𝑝𝑟𝑜𝑗(𝐸𝑘
′ ) ⊆ 𝑝𝑟𝑜𝑗(𝐹𝑖𝑘

′ ), 𝑘 = 1, … , 𝑝. The index 𝑖𝑝 is called an 

ending of 𝛼′ (or 𝛼) in 𝛹′, denoted as 𝑒𝑛𝑑(𝛼′, 𝛹′) (or 𝑒𝑛𝑑(𝛼, 𝛹′)). 
The last item of 𝛼 in 𝐹𝑖𝑝

′  is called an ending item according to 𝑖𝑝 

and is denoted as 𝑒𝑖𝑝
. Then, the remaining 𝑞-sequence of 𝛼 in 𝛹′ 

w.r.t. the ending index 𝑖𝑝 is the rest of 𝛹′ after the ending item 𝑒𝑖𝑝
 

and is denoted as 𝑟𝑒𝑚(𝛼, 𝛹′ , 𝑖𝑝). Let 𝑖𝑝
∗ ≝ 𝐹𝐸𝑛𝑑(𝛼, 𝛹′) be the 

first ending of 𝛼 in 𝛹′. If 𝛼 = <>, then as convention 𝑖𝑝
∗ ≝

𝐹𝐸𝑛𝑑(<>, 𝛹′) ≝ 0 and 𝑟𝑒𝑚(<>, 𝛹′, 𝑖𝑝
∗ ) = 𝛹′. For each 

ending 𝑖𝑝 = 𝑒𝑛𝑑(𝛼, 𝛹′), we define 𝑢(𝛼, 𝛹′, 𝑖𝑝) ≝ 𝑚𝑖𝑛{𝑢(𝛼′) | 
𝛼′ ∊ 𝑈(𝛼, 𝛹′) ∧ 𝑒𝑛𝑑(𝛼′, 𝛹′) = 𝑖𝑝}. Furthermore, we define 

𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′) ≝ 𝑢(𝛼, 𝛹′, 𝑖𝑝
∗ ) + 𝑢(𝑟𝑒𝑚(𝛼, 𝛹′, 𝑖𝑝

∗ )) the remaining 
utility-based upper bound on 𝑢𝑚𝑖𝑛 of 𝛼 in 𝛹′ for 𝛼 ≠ <>, 
and 𝑢𝑏𝑟𝑒𝑚(<>, 𝛹′) ≝ 𝑢(𝛹′) if 𝛼 =<>. 

A measure 𝑢𝑏 is said to be an upper bound (UB) on 𝑢𝑚𝑖𝑛 iff 
𝑢𝑚𝑖𝑛(𝛼) ⩽ 𝑢𝑏(𝛼), ∀α. For two UBs 𝑢𝑏1 and 𝑢𝑏2, 𝑢𝑏1 is said to be 
tighter than 𝑢𝑏2, denoted as 𝑢𝑏1 ≪ 𝑢𝑏2, iff 𝑢𝑏1(𝛼) ⩽ 𝑢𝑏2(𝛼), ∀α, 
and 𝑢𝑏1 is said to be strictly tighter than 𝑢𝑏2, iff 𝑢𝑏1 ≪ 𝑢𝑏2 and 
∃ 𝛽: 𝑢𝑏1(𝛽) < 𝑢𝑏2(𝛽). For briefly, we set 𝑢𝑏𝑚𝑎𝑥(𝛼 ⋄ 휀)  ≝

𝑚𝑎𝑥{𝑢𝑏(𝛼 ⋄𝑖 휀), 𝑢𝑏(𝛼 ⋄𝑠 휀}, 𝑢𝑏𝑚𝑎𝑥(𝛼 ⋄ 휀 ⋄ 𝛿) ≝ 𝑚𝑎𝑥{𝑢𝑏(𝛼 ⋄

휀 ⋄ 𝛿),  ∀ ⋄∊ {⋄𝑖 ,⋄𝑠}} and define 𝐼𝑆𝑢𝑏(𝛼) ≝ {𝑦 ∊ 𝒜| 𝑢𝑏𝑚𝑎𝑥(𝛼 ⋄

𝑦) ⩾ 𝑚𝑢} as the set of all candidate items for extensions of 𝛼 
w.r.t. the 𝑢𝑏 UB on 𝑢𝑚𝑖𝑛, because if 𝑦 ∉ 𝐼𝑆𝑢𝑏(𝛼), then for ⋄ ∊

{⋄𝑖 ,⋄𝑠}, 𝑢𝑚𝑖𝑛(𝛼 ⋄ 𝑦) ⩽ 𝑢𝑏𝑚𝑎𝑥(𝛼 ⋄ 𝑦) < 𝑚𝑢. 

Based on these concepts, we propose two novel UBs, named 
𝑅𝐵𝑈 and 𝐿𝐵𝑈, which are tighter than the well-known 𝑆𝑊𝑈 UB, 
i.e. 𝑅𝐵𝑈 ≪ 𝐿𝑅𝑈 ≪ 𝑆𝑊𝑈. Although 𝑅𝐵𝑈 is better than 𝐿𝑅𝑈 in 
terms of values (i.e. providing a tighter UB), the width pruning 
effect of 𝐿𝑅𝑈 is stronger than the depth pruning effect of 𝑅𝐵𝑈. 

Definition 6 (Upper bounds on 𝑢𝑚𝑖𝑛). Consider any item 𝑦 ∊ 𝒜 
and non-null sequence 𝛼. 
a. The traditional 𝑆𝑊𝑈 UB (Sequence Weighted Utility) is defined 

as 𝑆𝑊𝑈(𝛼) ≝ ∑ 𝑢(𝛹′)𝛹′∊𝜌(𝛼)  [5]. 

b. Two novel UBs named 𝑅𝐵𝑈 (Remaining-Based Utility) and 𝐿𝑅𝑈 
(Looser Remaining Utility) are defined as follows: 𝑅𝐵𝑈(𝛼) ≝
∑ 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′)𝛹′∊𝜌(𝛼) , 𝐿𝑅𝑈(𝑦) ≝ 𝑆𝑊𝑈(𝑦) and 𝐿𝑅𝑈(𝛼 ⋄ 𝑦) 

≝  ∑ 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′)𝛹′∊𝜌(𝛼⋄𝑦) . 

For example, consider the sequence 𝛽 = 𝑎𝑒 → 𝑎 → 𝑐, 𝜌(𝛽) = 
{𝛹1

′ , 𝛹2
′ }. For 𝛹1

′ , 𝑢𝑚𝑖𝑛(𝛽, 𝛹1
′) = 21, since 𝛽 first appears in 𝛹1

′  as 
the sub-𝑞-sequence 𝛽′ = (𝑎, 2)(𝑒, 6) → (𝑎, 3) → (𝑐, 40), the first 
ending of 𝛽 in 𝛹1

′  is 𝑖𝑝
∗ ≝ 𝐹𝐸𝑛𝑑 (𝛽, 𝛹1

′) = 4, and the 

corresponding remaining 𝑞-sequence is 𝑟𝑒𝑚(𝛽, 𝛹1
′ , 𝑖𝑝

∗ ) = (𝑎, 4) 
(𝑐, 10)(𝑑, 10)(𝑓, 36), so 𝑢(𝑟𝑒𝑚(𝛽, 𝛹1

′ , 𝑖𝑝
∗ )) = 60. Similarly, 𝛽 

also appears in 𝛹1
′  as the sub-𝑞-sequence 𝛽′′ = (𝑎, 2)(𝑒, 6) →

(𝑎, 5) → (𝑐, 40), then 𝑢(𝛽, 𝛹1
′ , 𝑖𝑝

∗ ) = 𝑚𝑖𝑛{𝑢(𝛽′), 𝑢(𝛽′′)} = 𝑚𝑖𝑛{ 
51,53} = 51 and 𝑢𝑏𝑟𝑒𝑚(𝛽, 𝛹1

′) = 𝑢(𝛽, 𝛹1
′ , 𝑖𝑝

∗ )+ 𝑢(𝑟𝑒𝑚(𝛽, 𝛹1
′ , 

𝑖𝑝
∗ )) = 111. In the same way, 𝑢𝑚𝑖𝑛(𝛽, 𝛹2

′ ) = 24, 𝑢𝑏𝑟𝑒𝑚(𝛽, 𝛹2
′ ) = 

31 + 47 = 78, so 𝑢𝑚𝑖𝑛(𝛽) = 𝑢𝑚𝑖𝑛(𝛽, 𝛹1
′) + 𝑢𝑚𝑖𝑛(𝛽, 𝛹2

′ ) = 45, 
𝑅𝐵𝑈(𝛽) = 𝑢𝑏𝑟𝑒𝑚(𝛽, 𝛹1

′) + 𝑢𝑏𝑟𝑒𝑚(𝛽, 𝛹2
′ ) = 189. Similarly, 

for 𝛼 = 𝑎𝑒 → 𝑎, we also have 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹1
′) = 186, 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹2

′ ) 
= 99. Hence, 𝛽 = 𝛼 → 𝑐, 𝐿𝑅𝑈(𝛽) = 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹1

′) + 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹2
′ ) 

= 285, 𝑆𝑊𝑈(𝛽) = 𝑢(𝛹1
′) + 𝑢(𝛹2

′ ) = 191 + 131 = 322. Hence, 
𝑢𝑚𝑖𝑛(𝛽) ⩽ 𝑅𝐵𝑈(𝛽) ⩽ 𝐿𝑅𝑈(𝛽) ⩽ 𝑆𝑊𝑈(𝛽). 

Before further discussing the properties of the UBs, we show 
that the 𝜌 operator and the 𝑢𝑏𝑟𝑒𝑚 UB on 𝑢𝑚𝑖𝑛 are anti-monotonic 
in each input 𝑞-sequence. 

Lemma 1 (Properties of 𝜌 and 𝑢𝑏𝑟𝑒𝑚). 
a. (Anti-monotonicity of 𝜌) 𝜌(𝛼) ⊇ 𝜌(𝛽), ∀𝛽 ⊒ 𝛼. 
b. (Anti-monotonicity w.r.t. forward extension of 𝑢𝑏𝑟𝑒𝑚 in each 

input 𝑞-sequence) 𝑢𝑚𝑖𝑛(𝛼, 𝛹′) ⩽ 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′), ∀𝛹′ ∊ 𝜌(𝛼), 
and 𝑢𝑏𝑟𝑒𝑚(𝛽, 𝛹′) ⩽ 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′), ∀𝛽 = 𝛼 ⋄ 휀 ⊒ 𝛼 and ∀𝛹′ ∊ 

𝜌(𝛽). 

Proof. 
a. For any 𝛹′ ∊ 𝜌(𝛽), then 𝛹′ ⊒ 𝛽 ⊒ 𝛼, and hence 𝛹′ ∊ 𝜌(𝛼). 
b. For any 𝛹′ ∊ 𝜌(𝛼), since {𝛼′ ∊ 𝑈(𝛼, 𝛹′) ∧  𝑒𝑛𝑑(𝛼′, 𝛹′) = 𝑖𝑝

∗ } 

⊆ 𝑈(𝛼, 𝛹′), 𝑢𝑚𝑖𝑛(𝛼, 𝛹′) ⩽ 𝑢(𝛼, 𝛹′, 𝑖𝑝
∗ ) ⩽ 𝑢(𝛼, 𝛹′ , 𝑖𝑝

∗ ) + 𝑢(𝑟𝑒𝑚 
(𝛼, 𝛹′, 𝑖𝑝

∗ )) = 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′), where 𝑖𝑝
∗ ≝ 𝐹𝐸𝑛𝑑(𝛼, 𝛹′). For 

any 𝛹′ ∊ 𝜌(𝛼), define 𝛼𝑚𝑖𝑛
′ (𝛼, 𝛹′) (or briefly 𝛼𝑚𝑖𝑛

′ ) as the 𝑞-
sequence in 𝑈(𝛼, 𝛹′) that yields the minimum value 
𝑢(𝛼, 𝛹′, 𝑖𝑝

∗ ), that is 𝑢(𝛼𝑚𝑖𝑛
′ )=𝑢(𝛼, 𝛹′, 𝑖𝑝

∗ ), and 𝑟𝑒𝑚(𝛼𝑚𝑖𝑛
′ , 𝛹′) 

the rest of 𝛹′ after 𝛼𝑚𝑖𝑛
′ . To prove that 𝑢𝑏𝑟𝑒𝑚(𝛽, 𝛹′) ⩽

𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′), for any forward extension of 𝛼, 𝛽 = 𝛼 ⋄ 𝛿 ⊐ 𝛼, 
without loss the generality, we can assume that the sequence δ 
only consists of an item 𝑥, i.e. 𝛽 = 𝛼 ⋄ 𝑥 and define 𝑝 ≝

𝑠𝑖𝑧𝑒(𝛼). In the following, we denote the  𝑘𝑡ℎitemset of 𝛽’ as 
𝛽’[𝑘] and the 𝑘𝑡ℎ item of 𝛽’[𝑖] as 𝛽’[𝑖][𝑘]. For any 𝛹′ ∊ 𝜌(𝛽), 
consider the two following cases. 
(𝑖) 𝛽 = 𝛼 ⋄𝑠 𝑥: ∀𝑘: 1 ⩽ 𝑘 ⩽ 𝑝, 𝑢(𝛽𝑚𝑖𝑛

′ [𝑘]) ⩽ 𝑢(𝛼𝑚𝑖𝑛
′ [𝑘]) and 

𝑢(𝛽𝑚𝑖𝑛
′ [𝑝 + 1]) + 𝑢(𝑟𝑒𝑚(𝛽𝑚𝑖𝑛

′ , 𝛹′)) ⩽ 𝑢(𝑟𝑒𝑚(𝛼𝑚𝑖𝑛
′ , 𝛹′)). 

Thus, 𝑢𝑏𝑟𝑒𝑚(𝛽, 𝛹′) = ∑ 𝑢(𝛽𝑚𝑖𝑛
′ [𝑘])1⩽𝑘⩽𝑝+1  + 𝑢(𝑟𝑒𝑚(𝛽𝑚𝑖𝑛

′ , 
𝛹′)) ⩽  ∑ 𝑢(1⩽𝑘⩽𝑝 𝛼𝑚𝑖𝑛

′ [𝑘]) +  𝑢(𝑟𝑒𝑚(𝛼𝑚𝑖𝑛
′ , 𝛹′)) =

𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′).  
(𝑖𝑖) 𝛽 = α ⋄𝑖 𝑥: ∀𝑘: 1 ⩽ 𝑘 ⩽ 𝑝 − 1, 𝑢(𝛽𝑚𝑖𝑛

′ [𝑘]) ⩽ 𝑢(𝛼𝑚𝑖𝑛
′ [  𝑘]) 

and 𝑢(𝛽𝑚𝑖𝑛
′ [𝑝]) + 𝑢(𝑟𝑒𝑚(𝛽𝑚𝑖𝑛

′ , 𝛹′) ⩽ 𝑢(𝑟𝑒𝑚(𝛼𝑚𝑖𝑛
′ , 𝛹′)) ⩽

𝑢(𝛼𝑚𝑖𝑛
′ [𝑝]) + 𝑢(𝑟𝑒𝑚(𝛼𝑚𝑖𝑛

′ , 𝛹′)), so 𝑢𝑏𝑟𝑒𝑚(𝛽, 𝛹′) = 
∑ 𝑢(1⩽𝑘⩽𝑝 𝛽𝑚𝑖𝑛

′ [𝑘]) + 𝑢(𝑟𝑒𝑚(𝛽𝑚𝑖𝑛
′ , 𝛹′)) ⩽ ∑ 𝑢(1⩽𝑘⩽𝑝 𝛼𝑚𝑖𝑛

′  
[𝑘]) + 𝑢(𝑟𝑒𝑚(𝛼𝑚𝑖𝑛

′ , 𝛹′)) = 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′). Thus, 𝑢𝑏𝑟𝑒𝑚(𝛼 ⋄

𝛿, 𝛹′) ⩽ 𝑢𝑏𝑟𝑒𝑚(𝛼,  𝛹′).         

The two following theorems show the relationships between 
the three aforementioned UBs in terms of their values and anti-
monotone-like properties. 

Theorem 1 (Relationships between UBs on 𝑢𝑚𝑖𝑛) 
𝑢𝑚𝑖𝑛 ≪ 𝑅𝐵𝑈 ≪ 𝐿𝑅𝑈 ≪ 𝑆𝑊𝑈. 

Thus, 𝑆𝑊𝑈, 𝐿𝑅𝑈 and 𝑅𝐵𝑈 are gradually tighter UBs on 𝑢𝑚𝑖𝑛. 
Proof. 
For any forward extension. 𝛽 = 𝛼 ⋄ 𝑦 ⊐ 𝛼, 𝛼 ≠ <>, and 𝛹′ ∊

𝜌(𝛽), by Lemma 1, 𝑢𝑏𝑟𝑒𝑚(𝛽, 𝛹′) ⩽ 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′) ⩽ 𝑢(𝛹′). 
Thus,𝑅𝐵𝑈(𝛽) ⩽ ∑ 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′)𝛹′∊𝜌(𝛽)  = 𝐿𝑅𝑈(𝛽) ⩽ 𝑆𝑊𝑈(𝛽) 



 

and 𝑅𝐵𝑈(𝑦) ⩽ 𝑆𝑊𝑈(𝑦) = 𝐿𝑅𝑈(𝑦). Hence, 𝑅𝐵𝑈 ≪ 𝐿𝑅𝑈 ≪

𝑆𝑊𝑈. Beside, for 𝑖𝑝
∗ ≝ 𝐹𝐸𝑛𝑑(𝛼, 𝛹′), we have {𝛼′ ∊ 𝑈(𝛼, 𝛹′) ∧

 𝑒𝑛𝑑(𝛼′, 𝛹′) = 𝑖𝑝
∗ } ⊆ 𝑈(𝛼, 𝛹′), 𝑢𝑚𝑖𝑛(𝛼, 𝛹′) ⩽ 𝑢(𝛼, 𝛹′, 𝑖𝑝

∗ ) ⩽ 

𝑢(𝛼, 𝛹′, 𝑖𝑝
∗ )+ 𝑢(𝑟𝑒𝑚(𝛼, 𝛹′ , 𝑖𝑝

∗ ))= 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′), Hence, 𝑢𝑚𝑖𝑛(𝛼) 

⩽ 𝑅𝐵𝑈(𝛼) and 𝑢𝑚𝑖𝑛 ≪ 𝑅𝐵𝑈.            

Theorem 2 (Anti-monotone-like property of 𝑅𝐵𝑈, 𝐿𝑅𝑈 and 

𝑆𝑊𝑈). 
a. 𝑆𝑊𝑈 is anti-monotonic, denoted as 𝒜ℳ(𝑆𝑊𝑈), i.e. 𝑆𝑊𝑈(𝛼) ⩾ 

𝑆𝑊𝑈(𝛽), for any super-sequence 𝛽 of 𝛼. 
b. 𝑅𝐵𝑈 is anti-monotonic w.r.t forward extensions, denoted as 

𝒜ℳℱ(𝑅𝐵𝑈), i.e. 𝑅𝐵𝑈(𝛼) ⩾ 𝑅𝐵𝑈(𝛽), ∀ forward extension 𝛽 =

𝛼 ⋄ 휀 of 𝛼.  
c. 𝐿𝑅𝑈 is anti-monotonic w.r.t bi-directional (forward and 

backward) extensions, denoted as 𝒜ℳℬ𝑖(𝐿𝑅𝑈), i.e. 
𝒜ℳℱ(𝐿𝑅𝑈) and 𝐿𝑅𝑈𝑚𝑎𝑥(𝛽) ⩾ 𝐿𝑅𝑈𝑚𝑎𝑥(𝛾) ∀ backward 
extension 𝛾 = 𝛼 ⋄ 휀 ⋄ 𝑦 of 𝛽 = 𝛼 ⋄ 𝑦. Moreover, 𝐼𝑆𝐿𝑅𝑈(𝛼 ⋄ 𝑦) ⊆
𝐼𝑆𝐿𝑅𝑈(𝛼). 

Proof. 
a. ∀𝛽 ⊒ 𝛼, due to 𝜌(𝛽) ⊆ 𝜌(𝛼). Hence, 𝑆𝑊𝑈(𝛽) ⩽ 𝑆𝑊𝑈(𝛼), i.e. 

𝒜ℳ(𝑆𝑊𝑈). 
b. Moreover, for any 𝛽 = 𝛼 ⋄ 휀 such that 𝛽 ⊒ 𝛼 and 𝛹′ ∊ 𝜌(𝛽)  ⊆

𝜌(𝛼), by Lemma 1, then 𝑢𝑏𝑟𝑒𝑚(𝛽, 𝛹′) ⩽ 𝑢𝑏𝑟𝑒𝑚( 𝛼, 𝛹′). Hence, 
𝑅𝐵𝑈(𝛽) ⩽ 𝑅𝐵𝑈(𝛼), i.e. 𝒜ℳℱ(𝑅𝐵𝑈). 

c. To prove that 𝐿𝑅𝑈(𝛽) ⩽ 𝐿𝑅𝑈(𝛼), ∀𝛽 = 𝛼 ⋄ 휀 ⊐ 𝛼, without 
loss generality, we can assume that 휀 only consists of an item 𝑦. 
Assume that 𝛼 = 𝛿 ⋄ 𝑥 ⊏ 𝛽 = 𝛿 ⋄ 𝑥 ⋄ 𝑦 with 𝑥, 𝑦 ∊ 𝒜, then 𝛿 ⋄

𝑥 is a forward extension of 𝛿. By Lemma 1, 𝐿𝑅𝑈(𝛽) =
∑ 𝑢𝑏𝑟𝑒𝑚(𝛹∊𝜌(𝛽) 𝛿 ⋄ 𝑥, 𝛹′) ⩽ ∑ 𝑢𝑏𝑟𝑒𝑚(𝛿, 𝛹′)𝛹∊𝜌(𝛽)  ⩽ 
∑ 𝑢𝑏𝑟𝑒𝑚(𝛿, 𝛹′)𝛹∊𝜌(𝛼)  = 𝐿𝑅𝑈(α). Hence, 𝒜ℳℱ(𝐿𝑅𝑈). 

To prove that 𝐿𝑅𝑈𝑚𝑎𝑥(𝛾) ⩽ 𝐿𝑅𝑈𝑚𝑎𝑥(𝛽), ∀ 𝛾 = 𝛼 ⋄ 휀 ⋄ 𝑦, 
𝛽 = 𝛼 ⋄ 𝑦 such that 𝛾 ⊐  𝛽, first consider that 𝛾 =  𝛼 ⋄𝑖 휀 ⋄𝑖 𝑦 
and 𝑠𝑖𝑧𝑒(휀) = 1. We have 𝛾 ⊒ 𝛽 = 𝛼 ⋄𝑖 𝑦 and by Lemma 1, 
𝜌(𝛾) ⊆ 𝜌(𝛼 ⋄𝑖 𝑦). Hence, 𝐿𝑅𝑈(𝛾)=∑ 𝑢𝑏𝑟𝑒𝑚(𝛼 ⋄𝑖 휀, 𝛹′)𝛹∊𝜌(𝛾)  

⩽ ∑ 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′)𝛹∊𝜌(𝛾)   ⩽ ∑ 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′)𝛹∊𝜌(𝛼⋄𝑖𝑦)  = 𝐿𝑅𝑈(𝛼  

⋄𝑖 𝑦). For all other cases, for each 𝛾 ∊ {𝛼 ⋄𝑖 휀 ⋄𝑠 𝑦, 
𝛼 ⋄𝑠 휀 ⋄𝑖 𝑦, 𝛼 ⋄𝑠 휀 ⋄𝑠 𝑦}, we have 𝛼 ⋄𝑠 𝑦 ⊑ 𝛾. Thus, 𝜌(𝛾)  ⊆

𝜌(𝛼 ⋄𝑠 𝑦) and 𝐿𝑅𝑈(𝛾) = ∑ 𝑢𝑏𝑟𝑒𝑚(𝛼 ⋄ 휀, 𝛹′)𝛹∊𝜌(𝛾)  ⩽ 
∑ 𝑢𝑏𝑟𝑒𝑚(𝛼, 𝛹′)𝛹∊𝜌(𝛾)  ⩽ ∑ 𝑢𝑏𝑟𝑒𝑚(𝛼,𝛹∊𝜌(𝛼⋄𝑠𝑦) 𝛹′) = 𝐿𝑅𝑈(𝛼 ⋄𝑠 

𝑦). Hence, ∀ ⋄ ∊ {⋄𝑖 ,⋄𝑠}, 𝐿𝑅𝑈(𝛾) ⩽ 𝑚𝑎𝑥{𝐿𝑅𝑈(𝛼 ⋄𝑖 𝑦), 𝐿𝑅𝑈(  
𝛼 ⋄𝑠 𝑦)} = 𝐿𝑅𝑈𝑚𝑎𝑥(𝛽) and 𝐿𝑅𝑈𝑚𝑎𝑥(𝛾) = 𝑚𝑎𝑥{𝐿𝑅𝑈(𝛼 ⋄ 휀 ⋄

𝑦), ∀ ⋄∊ {⋄𝑖 ,⋄𝑠}} ⩽ 𝐿𝑅𝑈𝑚𝑎𝑥 (𝛽). 
For any 𝑧 ∊ 𝐼𝑆𝐿𝑅𝑈(𝛼 ⋄ 𝑦), by the above proof, 𝑚𝑢 ⩽

𝐿𝑅𝑈𝑚𝑎𝑥(𝛼 ⋄ 𝑦 ⋄ 𝑧) ⩽ 𝐿𝑅𝑈𝑚𝑎𝑥(𝛼 ⋄ 𝑧), i.e. 𝑧 ∊ 𝐼𝑆𝐿𝑅𝑈(𝛼).          

Obviously, the anti-monotone-like properties 𝒜ℳ, 𝒜ℳℬ𝑖 
and 𝒜ℳℱ are gradually weaker, i.e. 𝒜ℳ(𝑢𝑏) ⇒ 𝒜ℳℬ𝑖(𝑢𝑏) ⇒ 
𝒜ℳℱ(𝑢𝑏), for any UB 𝑢𝑏 on 𝑢𝑚𝑖𝑛. For example, 𝒜ℳℬ𝑖(𝐿𝑅𝑈) 
⇒ 𝒜ℳℱ(𝐿𝑅𝑈), 𝒜ℳ(𝑆𝑊𝑈)⇒ 𝒜ℳℬ𝑖(𝑆𝑊𝑈) ⇒ 𝒜ℳℱ(𝑆𝑊𝑈). 

3.2 Two Pruning Strategies 

Based on Theorem 2, we design two strategies for pruning low 
utility candidate branches of the prefix search tree. These 

strategies only prune LU sequences, which ensures that all HU 
sequences can be found. Consider any item 𝑦 ∊ 𝒜 and non-null 
sequence 𝛼. 

Depth pruning strategy based on 𝑹𝑩𝑼 UB (𝒟𝒫𝒮(𝑅𝐵𝑈)). 
If 𝑅𝐵𝑈(𝛼) < 𝑚𝑢, then we can prune the 𝑏𝑟𝑎𝑛𝑐ℎ(𝛼), because 
𝑢𝑚𝑖𝑛(𝛽) ⩽ 𝑅𝐵𝑈(𝛽) ⩽ 𝑅𝐵𝑈(𝛼) < 𝑚𝑢, for any forward 
extensions 𝛽 of 𝛼. 

Width pruning strategy based on 𝑳𝑹𝑼 or 𝑺𝑾𝑼 UBs 
(𝒲𝒫𝒮(𝐿𝑅𝑈) or 𝒲𝒫𝒮(𝑆𝑊𝑈)). If 𝐿𝑅𝑈(𝛼 ⋄ 𝑦) < 𝑚𝑢 or 𝑆𝑊𝑈(𝛼 ⋄

𝑦) < 𝑚𝑢, then we can prune not only all forward extensions of 
𝛼 ⋄ 𝑦 (or 𝑏𝑟𝑎𝑛𝑐ℎ(𝛼 ⋄ 𝑦)) but also all its backward extension 
branches by applying 𝐼𝑆𝐿𝑅𝑈(𝛼 ⋄ 𝑦) ⊆ 𝐼𝑆𝐿𝑅𝑈(𝛼). 

Thus, if 𝐿𝑅𝑈(𝑦) < 𝑚𝑢 (or equivalently 𝑆𝑊𝑈(𝑦) < 𝑚𝑢), then 
we can remove such irrelevant item 𝑦 from QSDB 𝒟′, 
because 𝑢𝑚𝑖𝑛(𝛾) ⩽ 𝑆𝑊𝑈(𝛾) ⩽ 𝑆𝑊𝑈(𝑦) = 𝐿𝑅𝑈(𝑦) < 𝑚𝑢, for any 
super-sequence 𝛾 of 𝑦. Then, all UBs values according to the 
updated 𝒟′ should be also updated and may be decreased.  

Similarly, if 𝐿𝑅𝑈𝑚𝑎𝑥(𝛼 ⋄ 𝑦) < 𝑚𝑢, such irrelevant item 𝑦 can 
be eliminated from the projected database 𝒟𝛼

′  of 𝛼. The reason is 
that for any sequence 𝛾 = 𝛼 ⋄ 휀 ⋄ 𝑦 ⋄ 𝛿 having the same prefix 𝛼, 
which represents an arbitrary sequence in the PDB 𝒟𝛼

′  containing 
y, we always have 𝑢𝑚𝑖𝑛(𝛾) ⩽ 𝐿𝑅𝑈(𝛾) ⩽ 𝐿𝑅𝑈 (𝛼 ⋄ 휀 ⋄ 𝑦) ⩽ 

𝐿𝑅𝑈𝑚𝑎𝑥(𝛼 ⋄ 휀 ⋄ 𝑦) ⩽ 𝐿𝑅𝑈𝑚𝑎𝑥(𝛼 ⋄ 𝑦) < 𝑚𝑢.  In other words, any 
sequence 𝛾 in 𝒟𝛼

′  containing y is also LU. In this context, the 
projected database 𝒟𝛼

′  of 𝛼 consists of all remaining 
sequences 𝑟𝑒𝑚(𝛼, 𝛹′, 𝑖𝑝

∗ ), where 𝛹′ ∊ 𝜌(𝛼) and 𝑖𝑝
∗ = 

𝐹𝐸𝑛𝑑(𝛼, 𝛹′) is the first ending of 𝛼 in 𝛹′. Then, all UBs values 
according to the reduced 𝒟𝛼

′  should be calculated and they can be 
reduced. 

When extending a sequence 𝛽 = 𝛼 ⋄ 𝑦 with an item 𝑧 from 𝒜, 
we may generate candidate sequences that do not appear in 𝒟′. 
This results in unnecessary calculations. To address this problem, 
one can create a projected database (PDB) according to 𝛽. 
However, creating and scanning multiple PDBs is very costly. 
Based on the inclusion relationship 𝐼𝑆𝐿𝑅𝑈(𝛽) ⊆ 𝐼𝑆𝐿𝑅𝑈(𝛼) of 
Theorem 2.c, another way to overcome this problem is to only 
extend 𝛽 with an item 𝑧 (i.e. 𝑧 ∊ 𝐼𝑆𝐿𝑅𝑈(𝛽)) if 𝑧 is in the candidate 
item set 𝐼𝑆𝐿𝑅𝑈(𝛼) of the previous step. Note that the 𝐼𝑆𝐿𝑅𝑈 sets 
become gradually smaller during the mining process. Thus, this 
decreases the time for mining ℋ𝒰𝒮. 

It is observed that 𝐿𝑅𝑈(𝑦) = 𝑆𝑊𝑈(𝑦), ∀𝑦 ∊ 𝒜. The pruning 
effect of the 𝑅𝐵𝑈 UB - the tightest UB among the three discussed 
UBs - is weaker than that of the 𝐿𝑅𝑈 and 𝑆𝑊𝑈 UBs (the pruning 
effect of the two latter UBs is stronger). In general, an UB 𝑢𝑏 that 
is tighter than some others can be applied more often 
(when 𝑢𝑏(𝛼) < 𝑚𝑢) but its pruning effect is weaker. Beside, since 
both 𝐿𝑅𝑈 and 𝑆𝑊𝑈 UBs have the same width pruning effect, but 
𝐿𝑅𝑈 is tighter than 𝑆𝑊𝑈, 𝐿𝑅𝑈 is always better than the 𝑆𝑊𝑈 UB. 
Thus, to efficiently prune HU candidate sequences, it is sufficient 
to use the two proposed tighter 𝐿𝑅𝑈 and 𝑅𝐵𝑈 UBs. 

For example, for 𝑚𝑢 = 350, since 𝑆𝑊𝑈(𝑏) = 𝐿𝑅𝑈(𝑏) =

322, 𝑆𝑊𝑈(𝑑) = 𝐿𝑅𝑈(𝑑) = 228 are less than 𝑚𝑢, and 
the 𝑆𝑊𝑈  and 𝐿𝑅𝑈 values of remaining items in the candidate 



item set 𝐼𝑆 = {𝑎, 𝑐, 𝑑, 𝑒, 𝑓} are greater than 𝑚𝑢 (e.g. 𝑆𝑊𝑈(𝑎) =

𝐿𝑅𝑈(𝑎) = 609). Then, by 𝒲𝒫𝒮(𝑆𝑊𝑈) or 𝒲𝒫𝒮(𝐿𝑅𝑈), not only 
the items 𝑏 and 𝑔 can be removed from 𝒟’ but the upper bound 
values of remaining items can be decreased. For example, the new 
updated 𝐿𝑅𝑈(𝑎) is 569 (< 609). Similarly, because 𝐿𝑅𝑈(𝑎𝑑) =

𝐿𝑅𝑈(𝑎 → 𝑑) = 286 < 𝑚𝑢, 𝐼𝑆𝐿𝑅𝑈(𝑎) = 𝑎𝑐𝑒𝑓 and by 
𝒲𝒫𝒮(𝐿𝑅𝑈), we can completely prune 𝑏𝑟𝑎𝑛𝑐ℎ(𝑎𝑑) and 
𝑏𝑟𝑎𝑛𝑐ℎ(𝑎 → 𝑑) by 𝒟𝒫𝒮(𝐿𝑅𝑈), but also eliminate many of their 
backward extension branches such as 𝑏𝑟𝑎𝑛𝑐ℎ(𝑎𝑐𝑑), 
𝑏𝑟𝑎𝑛𝑐ℎ(𝑎𝑐 → 𝑑), 𝑏𝑟𝑎𝑛𝑐ℎ(𝑎𝑒 → 𝑑), 𝑏𝑟𝑎𝑛𝑐ℎ(𝑎 → 𝑐 → 𝑑), and 
𝑏𝑟𝑎𝑛𝑐ℎ(𝑎𝑐𝑒 → 𝑑), because 𝐼𝑆𝐿𝑅𝑈(𝑎𝑐), 𝐼𝑆𝐿𝑅𝑈(𝑎𝑒), 𝐼𝑆𝐿𝑅𝑈(𝑎 → 𝑐) 
are subsets of 𝐼𝑆𝐿𝑅𝑈(𝑎) and 𝐼𝑆𝐿𝑅𝑈(𝑎𝑐𝑒) ⊆ 𝐼𝑆𝐿𝑅𝑈(𝑎𝑐) ⊆ 𝐼𝑆𝐿𝑅𝑈(𝑎). 
Thus, 𝒲𝒫𝒮 is strictly stronger than 𝒟𝒫𝒮. To illustrate the depth 
pruning effect of 𝑅𝐵𝑈, consider values 𝑅𝐵𝑈(𝑎 → 𝑓) =  164 and 
𝑅𝐵𝑈(𝑓) = 154 which are less than 𝑚𝑢. Using 𝒟𝒫𝒮(𝑅𝐵𝑈), the 
branches 𝑏𝑟𝑎𝑛𝑐ℎ(𝑎 → 𝑓) and 𝑏𝑟𝑎𝑛𝑐ℎ(𝑓) are pruned. Although 
𝑅𝐵𝑈 is tighter than 𝐿𝑅𝑈, 𝑅𝐵𝑈 does not have the width pruning 
effect. Indeed, assume conversely that 𝒲𝒫𝒮(𝑅𝐵𝑈). If we remove 
𝑓 from 𝒟′, then the sequence 𝛼 = 𝑑 → 𝑎𝑐 → 𝑎𝑓 containing 𝑓 
with 𝑢𝑚𝑖𝑛(𝛼) = 353    > 𝑚𝑢 which is a HU sequence, will not be 
found in the final ℋ𝒰𝒮 result set. 

Discussion. Instead of using the minimum utility 𝑢𝑚𝑖𝑛 in 
ℋ𝒰𝒮ℳ, previous studies considered the maximum utility 
measure 𝑢𝑚𝑎𝑥 by considering an optimistic perspective. This 
latter measure is defined as 𝑢𝑚𝑎𝑥(𝛼) ≝ ∑ 𝑢𝑚𝑎𝑥(𝛼, 𝛹′)𝛹′∊𝜌(𝛼) , 

where 𝑢𝑚𝑎𝑥(𝛼, 𝛹′)  ≝ 𝑚𝑎𝑥{𝑢(𝛼′)|𝛼′ ∊ 𝑈(𝛼, 𝛹′)} ([5], [8], [9], 
[13], [11]). It is neither anti-monotonic nor monotonic. Thus, 
upper bounds on 𝑢𝑚𝑎𝑥 that satisfy anti-monotonic-like properties 
have been proposed, e.g. 𝑆𝑊𝑈 [8], 𝑆𝑃𝑈 [5], 𝐶𝑅𝑜𝑀 [9], 𝑀𝐸𝑈 and 
𝐿𝐸𝑈 [11]. For example, 𝑀𝐸𝑈(𝛼) ≝ ∑ 𝑀𝐸𝑈(𝛼, 𝛹′)𝛹′∊𝜌(𝛼)  and 

for 𝛽 = 𝛼 ⋄ 𝑦, 𝐿𝐸𝑈(𝛽)  ≝ ∑ 𝑀𝐸𝑈(𝛼, 𝛹′)𝛹′∊𝜌(𝛽)  if 𝛼 ≠ <>, and 

𝐿𝐸𝑈(𝑦) ≝ 𝑆𝑊𝑈(𝑦) if 𝛼 = <>, where 𝑀𝐸𝑈(𝛼, 𝛹′) ≝ 𝑚𝑎𝑥{ 
𝑢(𝛼′) + 𝑢(𝑟𝑒𝑚(𝛼, 𝛹′, 𝑖𝑝  )) | ∀𝛼′ ∊ 𝑈(𝛼, 𝛹′),  𝑖𝑝 = 𝑒𝑛𝑑(𝛼′, 𝛹′)} 

[11]. Then, 𝑢𝑚𝑖𝑛 ≪ 𝑢𝑚𝑎𝑥 ≪ 𝑀𝐸𝑈 ≪ 𝐿𝐸𝑈 ≪ 𝑆𝑊𝑈, 𝑅𝐵𝑈 and 
𝐿𝑅𝑈 UBs on 𝑢𝑚𝑖𝑛 are strictly tighter than 𝑀𝐸𝑈 and 𝐿𝐸𝑈 UBs 
on 𝑢𝑚𝑎𝑥, respectively. Obviously, the number of high utility 
sequences using 𝑢𝑚𝑎𝑥 is not less than that when using 𝑢𝑚𝑖𝑛.  

For example, consider another integrated QSDB 𝒟′′ = {𝛹1
′  = (a, 

2)(c, 5)(e, 3)→(b, 1)→(b, 2)→(d, 1)→(b, 80)→(c, 2)→(c, 4) (e, 
1)→(d, 3)→(c, 6)→(c, 3)(e, 2), 𝛹2

′  = (a, 5)(e, 2)→(d, 4)→(c, 3)(e, 4)} 
and 𝑚𝑢 = 50. Then, the sequence 𝛼 = 𝑏 → 𝑑 is a HU sequence 
using 𝑢𝑚𝑎𝑥 but not 𝑢𝑚𝑖𝑛, because 𝑢𝑚𝑎𝑥(𝛼) = 83 ⩾ 𝑚𝑢 >

𝑢𝑚𝑖𝑛(𝛼) = 2, and the number of HU sequences using 𝑢𝑚𝑎𝑥 or 
𝑢𝑚𝑖𝑛 are respectively 4128 or 2752. For 𝛽 = 𝑎 → 𝑏 → 𝑑 → 𝑐𝑒, we 
have 𝑢𝑚𝑖𝑛(𝛽) = 9, 𝑅𝐵𝑈(𝛽) = 23, 𝐿𝑅𝑈(𝛽) = 25, 𝑢𝑚𝑎𝑥(𝛽) = 90, 
𝑀𝐸𝑈(𝛽) = 90, 𝐿𝐸𝑈(𝛽) = 96 and 𝑆𝑊𝑈(𝛽) = 115.  It is observed 
that 𝑢𝑚𝑖𝑛(𝛽) < 𝑅𝐵𝑈(𝛽) < 𝐿𝑅𝑈(𝛽) < 𝑢𝑚𝑎𝑥(𝛽) = 𝑀𝐸𝑈(𝛽) <

𝐿𝐸𝑈(𝛽) < 𝑆𝑊𝑈(𝛽). Hence, 𝑅𝐵𝑈 and 𝐿𝑅𝑈 are only UBs on 𝑢𝑚𝑖𝑛 
but not on 𝑢𝑚𝑎𝑥.  

Moreover, note that the measure 𝑆𝑃𝑈 ([5], [12]) is not really 
an UB on 𝑢𝑚𝑎𝑥, and the 𝐶𝑅𝑜𝑀 UB on 𝑢𝑚𝑎𝑥 [9] is too large, i.e. it 
may be greater than the traditional 𝑆𝑊𝑈 UB. Indeed, 𝑆𝑃𝑈 can be 
defined as 𝑆𝑃𝑈(𝛼) ≝ ∑ [𝑢𝑝(𝛼, 𝛹′) + 𝑢(𝑟𝑒𝑚(𝛼,𝛹′∊𝜌(𝛼) 𝛹′, 𝑖𝑝

∗ ))], 

where 𝑖𝑝
∗ ≝ 𝐹𝐸𝑛𝑑(𝛼, 𝛹′) is the first ending (or pivot) of 𝛼 in 𝛹′ 

and 𝑢𝑏𝑝(𝛼, 𝛹′) ≝ 𝑚𝑎𝑥{𝑢(𝛼′) | ∀𝛼′ ∊ 𝑈(𝛼, 𝛹′) and 𝑒𝑛𝑑(𝛼′, 
𝛹′) = 𝑖𝑝

∗ }. Then, 𝑆𝑃𝑈(𝛽) (= 24) < 𝑢𝑚𝑎𝑥(𝛽). Thus, the well-

known USpan [5] algorithm for mining ℋ𝒰𝒮 using 𝑢𝑚𝑎𝑥 and its 
𝑆𝑃𝑈 UB is an incomplete algorithm, i.e. it may miss some HU 
sequences. Similar, for the 𝐶𝑅𝑜𝑀 UB (see more details in [9]) and 
𝛼 = 𝑏 → 𝑑, then 𝐶𝑅𝑜𝑀(𝛼) = 182, 𝑆𝑊𝑈(𝛼) = 115. Hence, 
𝐶𝑅𝑜𝑀(𝛼) > 𝑆𝑊𝑈(𝛼) and the performance of the HuspExt [9] 
algorithm that relies on 𝐶𝑅𝑜𝑀 may decrease in such cases. 

3.3 The EHUSM Algorithm 

Based on the above theoretical results, we design an efficient 
algorithm named EHUSM (Efficient High Utility Sequence 
Mining) for mining the set ℋ𝒰𝒮 of all high utility sequences 
when considering the 𝑢𝑚𝑖𝑛measure. The pseudo-code is shown in 
Algorithm 1. It takes as input a QSDB 𝒟′ and the 𝑚𝑢 threshold. 
At the first level of the prefix-tree, the algorithm applies 
𝒲𝒫𝒮(𝑆𝑊𝑈) or 𝒲𝒫𝒮(𝐿𝑅𝑈). The algorithm scans QSDB 𝒟′ once 
to calculate the set 𝐼𝑆 ≝ {𝑖 ∊ 𝒜 | 𝑆𝑊𝑈(𝑖) ⩾ 𝑚𝑢} of HU candidate 
items. Then, all irrelevant items (items in 𝒜\𝐼𝑆) are removed 
from 𝒟′ (lines 1-2). Next, the procedure SearchHUS is called for 
each item 𝑖 ∈ 𝐼𝑆 (line 3).  

Algorithm 1. EHUSM(𝒟′, 𝑚𝑢) 

. Input: QSDB 𝒟′, the 𝑚𝑢 threshold. 

. Output: all HU sequences in ℋ𝒰𝒮. 
1. Scan once 𝒟′ to find 𝐼𝑆 = {𝑖 ∈ 𝒜 | 𝑆𝑊𝑈(𝑖) ⩾ 𝑚𝑢}; 
2. Remove from 𝒟’ all irrelevant items in 𝒜\𝐼𝑆. 
3. for each item 𝑖 ∈ 𝐼𝑆 do SearchHUS(𝑖, 𝐼𝑆, 𝑚𝑢); 

Algorithm 2. SearchHUS(𝛼, 𝐼𝑆, 𝑚𝑢) 

. Input: sequence 𝛼, a candidate item set 𝐼𝑆 for extensions, the 
𝑚𝑢 threshold. 

. Output: 𝛼 if it is a HU sequence. 
1. if (𝑅𝐵𝑈(𝛼) < 𝑚𝑢) then return; // depth pruning strategy 

2. if (𝑢𝑚𝑖𝑛(𝛼) ⩾ 𝑚𝑢) then output 𝛼; 
3. 𝑛𝑒𝑤𝐼 = 𝑛𝑒𝑤𝑆 = ∅; // candidate item sets for extensions of 𝛼 
4. for each item 𝑖 ∈ 𝐼𝑆 do {  // width pruning strategy 
5.  if (𝑖 ≻lastItem(𝛼) and 𝐿𝑅𝑈(𝛼 ⋄𝑖 𝑖) ⩾ 𝑚𝑢) then 
   𝑛𝑒𝑤𝐼 = 𝑛𝑒𝑤𝐼 ∪ {𝑖}; 
6.  if (𝐿𝑅𝑈(𝛼 ⋄𝑠 𝑖) ⩾ 𝑚𝑢) then 𝑛𝑒𝑤𝑆 = 𝑛𝑒𝑤𝑆 ∪ {𝑖}; 
7. } 
8. 𝑛𝑒𝑤𝐼𝑆 := 𝑛𝑒𝑤𝐼 ∪ 𝑛𝑒𝑤𝑆; 
9.   Remove from PDB 𝒟𝛼

′  all irrelevant items 𝑖 in 𝐼𝑆\𝑛𝑒𝑤𝐼𝑆. 
10. if (𝑅𝐵𝑈(𝛼) < 𝑚𝑢) then return; // 𝒟𝒫𝒮 after reducing 𝒟𝛼

′  
11. for each item 𝑖 ∈ 𝑛𝑒𝑤𝐼 do SearchHUS(𝛼 ⋄𝑖 𝑖, 𝑛𝑒𝑤𝐼𝑆); 
12. for each item 𝑖 ∈ 𝑛𝑒𝑤𝑆 do SearchHUS(𝛼 ⋄𝑠 𝑖, 𝑛𝑒𝑤𝐼𝑆); 

The recursive SearchHUS procedure (Algorithm 2) takes as 
input a sequence 𝛼, a candidate item set 𝐼𝑆, and the 𝑚𝑢 threshold. 
The procedure applies the depth pruning strategy 𝒟𝒫𝒮(𝑅𝐵𝑈) in 
line 1. If 𝑢𝑚𝑖𝑛(𝛼) ⩾ 𝑚𝑢, the HU sequence 𝛼 is output (line 2). 
Next, in lines 4-9, based on the inclusion 𝑁𝑒𝑤𝐼𝑆 ≝ 𝐼𝑆𝐿𝑅𝑈(𝛼 ⋄ 𝑖) ⊆

𝐼𝑆 ≝ 𝐼𝑆𝐿𝑅𝑈(𝛼), the width pruning strategy 𝒲𝒫𝒮(𝐿𝑅𝑈) is applied 



 

for extensions of 𝛼. Afterward, 𝒟𝒫𝒮(𝑅𝐵𝑈) is used again in line 
10. Finally, the SearchHUS procedure is recursively called for 
each item using the two candidate item sets 𝑛𝑒𝑤𝐼 and 𝑛𝑒𝑤𝑆 to 
perform 𝑖-extensions and 𝑠-extensions, respectively (lines 11-12). 
Theorems 1 and 2 guarantee the correctness of EHUSM using two 
strategies 𝒲𝒫𝒮 and 𝒟𝒫𝒮. They are based on 𝐿𝑅𝑈 and 𝑅𝐵𝑈 UBs 
and help to prune unpromising branches in the prefix-tree early 
without missing HU sequences. 

The execution of EHUSM is illustrated as follows. For 𝑚𝑢 =

350, after performing line 1 of Algorithm 1, two irrelevant items 
𝑏 and 𝑑 are removed from 𝒟′ (line 2) because 𝐿𝑅𝑈(𝑏) =

𝑆𝑊𝑈(𝑏) = 322, 𝐿𝑅𝑈(𝑑) = 228. Afterward, updated values of 
𝑅𝐵𝑈 and 𝐿𝑅𝑈 of all remaining items in the set 𝐼𝑆 = {𝑎, 𝑐, 𝑑, 𝑒, 𝑓} 
from the reduced database 𝒟′ (without 𝑏 and 𝑑) may be also 
reduced. Indeed, for instance, consider the original QSDB 𝒟′, 
where 𝐿𝑅𝑈(𝑒) (= 𝑆𝑊𝑈(𝑒)) = 609. In the reduced database 𝒟′ 
after discarding two items 𝑏 and 𝑑, the new updated 𝐿𝑅𝑈(𝑒) is 
569 (< 609).  

Now, we briefly show the execution of the SearchHUS(𝛼, 𝐼𝑆) 
procedure (Algorithm 2). For the sequence 𝛼 = 𝑓, since 
𝑅𝐵𝑈(𝑓) = 154 < 𝑚𝑢, 𝑏𝑟𝑎𝑛𝑐ℎ(𝑓) is deeply pruned (line 1). For 
the sequence 𝛼 = 𝑒, 𝐿𝑅𝑈(𝑒) = 569 > 𝑅𝐵𝑈(𝑒) = 369 > 𝑚𝑢 
> 𝑢𝑚𝑖𝑛(𝑒) = 22. Hence lines 1-2 are skipped. Moreover, by lines 
3-8, because 𝐿𝑅𝑈(𝑒𝑓) = 0, 𝐿𝑅𝑈(𝑒 → 𝑎) = 𝐿𝑅𝑈(𝑒 → 𝑓) = 369  (> 
𝑚𝑢), and 𝐿𝑅𝑈 values of all 𝑠-extensions 𝑒 → 𝑦 of 𝑒 are less than 
𝑚𝑢, for 𝑦 ∊ {𝑐, 𝑑, 𝑒}, then 𝑛𝑒𝑤𝐼 = ∅ and 𝑛𝑒𝑤𝑆 = 𝑎𝑓 (⊆ 𝐼𝑆), so 
𝑛𝑒𝑤𝐼𝑆 = 𝑎𝑓 and 𝐼𝑆\𝑛𝑒𝑤𝐼𝑆 = 𝑐𝑑𝑒. After deleting all irrelevant 
items 𝑐, 𝑑, 𝑒 from 𝒟𝑒

′ , then we obtain the reduced 𝒟𝑒
′  = {(a, 3)→(a, 

5)→(a, 5)→(a, 4)(f, 36), (a, 3)→(a, 1)(f, 9)→(a, 4), (a, 1)(f, 18), (a, 
2)→(a, 9)(f, 72)}. Hence, the updated value 𝐿𝑅𝑈(𝑒) = 194 (< 569) 
is less than 𝑚𝑢 and 𝑏𝑟𝑎𝑛𝑐ℎ(𝑒) is pruned earlier than if 𝒟𝑒

′   was 
not reduced (line 10). SearchHUS is applied for other sequences 
in a similar way. Finally, EHUSM returns only one HU 
sequence 𝛼 = 𝑑 → 𝑎𝑐 → 𝑎𝑓, with 𝑢𝑚𝑖𝑛(𝛼) = 353. 

4 EXPERIMENTAL EVALUATION 

Experiments were performed on a computer having an Intel(R) 
Core (TM) i5-2320, 3.0 GHz CPU and 4 GB of memory, running 
Windows 8.1. EHUSM is the first algorithm for mining high utility 
sequences based on the minimum utility measure, 𝑢𝑚𝑖𝑛. It is 
implemented using the Java SE 1.8 programming language.  

Table 3: Parameters of the IBM Synthetic Data Generator 
Parameter Meaning 

D Number of sequences (in thousands) in the database 
C Average number of itemsets per sequence 
T Average number of items per itemset 
N Number of different items (in thousands) in the 

database 
S Average number of items in maximal sequences 
I Average number of itemsets in maximal sequences 

 
In the experiments, we consider two well-known benchmark 

real-life datasets named Gazelle and Snake [22], and three 
synthetic datasets generated using the IBM Quest data generator 

(obtained from [22]) using parameters described in Table 3. 
Characteristics of the considered datasets are shown in Table 4. 
 

Table 4: Characteristics of databases 
Database #seq. #items Avg.  

length  
Data type 

Gazelle 59,601 497 2.5  web click stream 
Snake 163 20 60.6  protein sequences 
D4C7T5N5S6I4 4,000 5,000 28.7 Synthetic 
D0.5C10T15N2S6I4 500 2,000 127.7 Synthetic 
D5C10T5N5S6I4 5,000 5,000 42.9 Synthetic 

4.1 Comparison of UBs 
In a first experiment, we compare the pruning effect of the 
proposed 𝑅𝐵𝑈 and 𝐿𝑅𝑈 UBs with the well-known 𝑆𝑊𝑈 UB on 
two QSDBs, the real-life Gazelle and the synthetic D4C7T5N5S6I4 
datasets. In this experiment, the 𝑚𝑢 threshold is varied and the 
runtime and number of candidate sequences are measured. Six 
versions of the EHUSM algorithms are compared, respectively 
using the SWU, 𝐿𝐸𝑈, 𝑀𝐸𝑈, RBU, LBU, and both the RBU and LBU 
UBs, to reduce the search space.  

   

   

 
Figure 1: Pruning effect of UBs. 

Results are shown in Figure 1. It is observed that using only 
the 𝑅𝐵𝑈 or 𝐿𝑅𝑈 UB is usually better than using the 𝑆𝑊𝑈, MEU 
and LEU because much less candidate sequences (#Candidates) are 
generated. Moreover, it is observed on D4C7T5N5S6I4 that using 
𝐿𝑅𝑈 can result in generating less candidates than when using 
𝑅𝐵𝑈 for high 𝑚𝑢 values (e.g. higher than 0.44%). The reason is 
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that the pruning condition (𝐿𝑅𝑈(𝛼) < 𝑚𝑢) of 𝐿𝑅𝑈 can be 
frequently applied and the width pruning effect of 𝐿𝑅𝑈 is stronger 
than the depth pruning effect of 𝑅𝐵𝑈.  

For low 𝑚𝑢 thresholds (e.g. smaller than 0.44%), 𝑅𝐵𝑈 is better 
than 𝐿𝑅𝑈 since the pruning condition (𝑅𝐵𝑈(𝛼) < 𝑚𝑢) of 𝑅𝐵𝑈 is 
applied more often than 𝐿𝑅𝑈, although the pruning effect of 𝑅𝐵𝑈 
is weaker. The version of EHUSM using both 𝑅𝐵𝑈 and 𝐿𝑅𝑈 is 
always faster by 8, 2 and 2 (or 24, 4 and 4) times on average 
compared to the version using only the 𝑆𝑊𝑈, MEU and LEU on 
the D4C7T5N5S6I4 (or Gazelle) dataset, respectively. 

On overall, these results show that the two proposed upper 
bounds and corresponding pruning strategies are very effective 
for pruning the search space and that they should be used 
together. Thus, for the following experiments, we only consider 
the version of EHUSM (using both 𝑅𝐵𝑈 and 𝐿𝑅𝑈), to evaluate the 
scalability of EHUSM in terms of runtime and memory usage w.r.t. 
the mu parameter and database parameters. 

4.2 Influence of the mu parameter 
The second experiment assesses the influence of the 𝑚𝑢 
parameter on time, memory consumption and number of 
discovered HU sequences (#ℋ𝒰𝒮) for the datasets of Table 4. 

  

  

 
Figure 2: Influence of varying the 𝒎𝒖 threshold. 

Results depicted in Figure 2 show that as 𝑚𝑢 is decreased, the 
runtime of EHUSM increases and memory usage does not 
significantly change on Gazelle and D4C7T5N5S6I4 for low 

database density 𝛿 ≝
𝑇

𝑁
= 1%. In particular, for very low 𝑚𝑢 

values on Gazelle (from 6% to 2%) and D4C7T5N5S6I4 (from 2.9% 
to 2%), although the number of HU sequences (#ℋ𝒰𝒮) increases, 
execution time and memory usage only slightly increase. On the 
dense Snake and D0.5C10T15N2S6I4 databases (with a high 
density of 𝛿 = 7.5%), when 𝑚𝑢 is set to very high values (e.g. 
𝑚𝑢 = 15.5% for Snake and 𝑚𝑢 = 1.9% for D0.5C10T15N2S6I4) 
few patterns are found (e.g. #ℋ𝒰𝒮 = 1). However, the number of 
HU sequences increases very quickly when 𝑚𝑢 is decreased (e.g. 
for 𝑚𝑢 = 0.0001% on D0.5C10T15N2S6I4), while the runtime 
slightly fluctuates. 

4.3 Influence of database parameters 

To evaluate the influence of database characteristics on the 
efficiency of EHUSM, a third experiment was performed where 
parameters of synthetic datasets (see Table 3) were varied. In the 
following, a parameter letter followed by the wildcard (*) symbol 
indicates that the parameter is varied for that dataset. Figure 3 
shows how the time, memory consumption, and number of HU 
candidates (#Candidates) generated by EHUSM vary when dataset 
parameters are increased. It is observed that the algorithm has 
nearly linear scalability in terms of runtime. 

  

  

 
Figure 3: Influence of database parameters. 

Overall, the above experiments have shown that the proposed 
algorithm is efficient in terms of runtime and memory usage for 
both real-life and synthetic datasets. It is also observed that using 
simultaneously the two novel 𝑅𝐵𝑈 and 𝐿𝑅𝑈 UBs in EHUSM is 
much more efficient than using the traditional 𝑆𝑊𝑈 UB. 
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5. CONCLUSION 

This paper proposed a novel utility measure 𝑢𝑚𝑖𝑛 to evaluate 
sequences in QSDBs. Moreover, two new upper bounds on 𝑢𝑚𝑖𝑛, 
named 𝑅𝐵𝑈 and 𝐿𝑅𝑈 are proposed, which are tighter than the 
traditional 𝑆𝑊𝑈 UB. Two depth and width pruning strategies are 
developed based on the two UBs to prune low utility branches of 
the prefix search tree early. Based on these strategies, an efficient 
algorithm named EHUSM has been designed for mining the set of 
high utility sequences ℋ𝒰𝒮. To our best knowledge, this is the 
first algorithm for mining ℋ𝒰𝒮 based on 𝑢𝑚𝑖𝑛. Experiments 
conducted on both real-life and synthetic QSDBs have shown that 
using the two proposed UBs considerably decreases the number 
of candidate sequences, as well as the runtime and memory 
consumption of EHUSM.  

The two novel upper bounds and corresponding pruning 
strategies proposed in this paper could be applied to mine concise 
representations of ℋ𝒰𝒮 such as the sets of all closed and 
generator high utility sequences. Mining generator and closed 
sequences is useful as they often have very small cardinalities and 
summarize the set of ℋ𝒰𝒮. Extending EHUSM for these problems 
will be considered in future work.  
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